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GCSE (9-1) Grade 8/9

PROOF

Instructions

Use black ink or ball-point pen.

Fill in the boxes at the top of this page with your name.
Answer all questions.

Answer the questions in the spaces provided

— there may be more space than you need.

Show all your working out

Information

The total mark for this paper is 100.

The marks for each question are shown in brackets.

— use this as a guide as to how much time to spend on each
question.

Questions labelled with an asterisk (*) are ones where the quality of

your written communication will be assessed

Advice

Read each question carefully before you start to answer it
Attempt every question
Check your answers if you have time at the end
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Tanaka says ‘“When you multiply an odd number and an even number together, you will always
get an odd number’.

Show that Tanaka is wrong.

a X F = b
} s

J
even X odd = evea

g

e ]O,\a.‘ca S Wro"tj

(Total 2 marks)

Tarish says,
“The sum of two prime numbers is always an even number’.
He is wrong.

Explain why. A + 3 =5

P b
Pr\:l/me PI'~M£ )Odok

(Total 2 marks)
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3. The n th even number is 2x.
The next even number after 27 is 2n + 2.
(a) Explain why.
An s even  Zaxl s edd ! 2ax2 is cven
Notes | 2n i3 .  sven ane 2 is evea  eves + even - even
(1
(b) Write down an expression, in terms of #, for the next even number after 27 + 2.
2Za-l
(1)

(c) Show algebraically that the sum of any 3 consecutive even numbers is always a multiple of 6.

if |S’r rven aumber = 2 a

Ne'ﬁk even~ anuwnbe,r — L TP 708

N€F+ even aun-be, = ZV\""L'

»

s 2 4 2na2 4—2.«—&% = Gba-+b
= (‘;CV\—(-()

whiclh 5 o Mu(fl’(?(‘ =% &

)
(Total S marks)
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"

Here are the first 4 lines of a number pattern.

1-2+3+4 = (4x3)-@2x1
2+3+4+5 = (5x9-(3x2

- (6x5)-¢x3)

- (7x-Gx9

n is the first number in the nth line of the number pattern.

Show that the above number pattern is true for the four consecutive integers n, (n+ 1), (n +2)
and (n + 3).

AAdAagdl «"t2 +-AF3 (“*‘9("“7’) = G"“')(f\)

kS
‘—\v\—f-(—; r\l-+2n+3r\+b — A -(-A)

At4SAa+b —n* £+

Ty

(Total 4 marks)

n is a whole number.

Prove that n* + (n + 1)? is always an odd number.
AZ*(“*')L:- w4+ w424+ |
2 2at42a =+
= 2Cat4n) 4|

SRl

"

whichk (s an odd nunmber as 2n<4! is odd

(Total 2 marks)
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6.

n and a are integers.

Explain why (#? —a?) — (n — a)? is always an integer.
nL'LO*A+a2‘ —( %z *| ~tR4l=—1

R = s R o

n

y\‘l.__a"?- = C”.’L__ZC\A ‘(’ng')
nF-a® -—/K(+ Bt e 8%
- Za*a 2an
2al —a -l-m)
Sam.
/ ;w*’cae'f [si»ce :.«’;eser ’;u\‘}e,j&(‘
=% 3u\*ejer = .‘.Akesey 3'.\/&_5 ;h'}ejer

\l}

"

%

v b 2¢~C'0\+v~) g B :njreéer
S awce. ;wtejer b 4 ;u\‘i'ejer e I‘U\""ejef

(Total 2 marks)

n is an integer greater than 1.

Use algebra to show that (n* — 1) + (n— 1)? is always equal to an even number.

2

a* -1 =+ (t’\") = nt- o+ C-A"—-?-w'(")

= n‘/‘/’(—nt "'zv\j'/'/
= QCV\"‘ ""‘)
R A

nA
wakieh. g on even nuambey SiALE Lk
'S even
(Total 4 marks)
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Prove that the difference between the squares of any two consecutive even numbers is always an
odd number multiplied by 4.

let st evean nunmber = Zan

_—

Then the cougecubve even number = 2n+ 2

(2—*)1 —+ 2:«—(—'7-)1

L(v\L—(— L(V\’L“’SV\’("L'

i

8"7'—!' Sn-*("
4 CZA‘-&Z»\ -(—l)
B La(r\"—t—n) | ]

L -

™M

4 C’lm—H)
C?.M-h) s an odd aumber
/'(CZM-H)'-_S e adel Aweahey MR(BF)heo( ‘UQ

W

it

\t

)

(Total 4 marks)

Prove algebraically that the sum of the squares of two consecutive integers is always an odd
number.

led 'S+ (A(’&Lo)er = n

Tke“ the next i.«-‘eje( = n=<|

2 2
n -(—(n-(—f) = nt 4 At + Zan <

Al

2at +2n«|

wL:Ck 'S A oolo‘ .«\.un—\-bu/

(Total 3 marks)
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*10.  Prove that the sum of the squares of any two odd numbers is always even.
st
I 6dd = 24+

Z“Gl =dd 2A’f‘3
(Zv\‘(—\)L —F('Z.«{—B)l: L(ugz'('('(/\'i" -+ (-fe\t,“—'lv\_‘(—cy

= 8;*\1..—\-'6“-(——'0

ﬂCL(V\’L"' S+ S)
e Db T

'\

]

A\

i}

kbl 5 an evea~a as 2("‘- S evea

(Total 4 marks)

11.  Show that (n + 3)? — (n—3)? is an even number for all positive integer values of n.
Q\ ,\.3)7-, CA,3)7'= P B g B v (.,\7--— b # ‘3)
= pP A bn A KT+ b 9
N N

_Lg “w S Ppsﬁ%‘-ve/ fhen |9~v\ s even

(Total 3 marks)
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*12.

#13.

SE W
LR
SN

Prove that
(Tn+3)2—(In-3)?

is a multiple of 12, for all positive integer values of .

(q—r\—(—})l—- (4”3)% £ e® 626+ T (L« T o Do +fi)

2 A+ U £ T = LT U 2a G

>3 N

1

‘\

12 Fn)

WL\IcL - o Mu(kw’:‘e a‘e (él

(Total 3 marks)
Prove algebraically that the product of two odd numbers is always an odd number.

s"’b ; A,f
\ ‘9‘/.:/
v bl

2ol

2 43

(2w+') [ Zawd) = bu® 4batlneB

= 2(2—#\1'4' 3««4—»«) + 3
L SO R
r

wac\/\ 's odd sgiwce 2am+3 s DO(O‘

(Total 3 marks)
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14.  Prove algebraically that the sum of any two odd numbers is even.
‘el' |s+ DJO':- ZV\-&—‘
w 279 pdde Zaa3

2wt 4+ Zu+3 = ba+Yy

[ -
AN
\/—‘L:C\'\ 'S @ven Siace ZM ¥y ven

(Total 3 marks)

*15. Prove algebraically that

(2n+1)>—~(2n+1) isan even number

for all positive integer values of 7.
(2-%4-')1’- (‘Zv\-f—() (L(AL-‘I' L(v\-("} = (‘?—r\—e—l}

((A1'+(4A | —2a —|

1!

N

= Gn* —~+ 2n

- 2_(2#\1'""5‘\.)
LD
A

w\m‘c(h S even S ace 2~ s even

(Total 3 marks)
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Given that @ and b are two consecutive even numbers, prove algebraically that

2 2 2
(a;bj is always 1 less than e ;b

5\/\0‘ !‘9=—2V\*f‘2—

(2-«4—2.«-{—7— v (C\l“'SL) % (2.«)1-—(—(2«\.4—'&}1
7 S Z 1

= Lut 4 Lo+ Bnal
2.

(54
P

il >

1l

i
" i
3
i
N
Mo
r)

£(2nxd)
7

Bt 4 Fa4Y

N
3
)
e
r)
W

2.
= 2n+| &y a8 whicl o = #CL«-«;‘%Q-««—?—)
Mqﬂz o Bt
(Total 5 marks)
17.

Prove that (37 + 1)>— (3n—1)? is a multiple of 4, for all positive integer values of n.

(3.« -H)l-— (_3,\_1)?- = (cru1'+ 6~ +') - (qnt"év\*-()
= Ia 4 bt A bn T

= | 2 ~
g Ll 3]

WL:CL\ | 'S o Mw"l']o‘ﬂ O£ Lf

(Total 3 marks)
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*18.  Prove that the sum of the squares of two consecutive odd numbers is never a multiple of 8.
+
‘e*: ls Qdo‘ vwabZV" = 2»\—(—'

ther the cansecubive odd nwambe, = 2n + 3

(Zv\—l—\)‘ - Czn-«—s)z

1

o™ el Loa™ue § B % 9
= BuT 4lba el O
s BEot 4P 4-1) 4+ 2
wilkial $8 8 wbuk Fhar « mu(ET"e =% &

RPN | never 'ee [ MM‘E'P‘C 9’9 8

(Total 4 marks)

19. Prove that

(2n + 3)? — (2n—3)? is a multiple of 8

for all positive integer values of ».

<2_,\+3) e C2m~3]

i

u® e 126 4 9 - (L(AL«—|?—*\+q)
9,/’”4—\'2.«4-%'-/'444—[16/61/

24 a

1

1L

= ®C32n)
wL:c\zs s o~ {\-\L«.“’-:P‘e a’e 8

(Total 3 marks)

www.natkermaths.com 11



et
Ry
L A
i

St
&

%wm*'

20.  Prove, using algebra, that the sum of two consecutive whole numbers is always an odd number.

e 1% Glhale aasbesr = &

fleen the consecwtive whale asrsbes = “ 4

At Bl o Bl

wlac(/\ V8 awn odc\ Avuf“‘cer'

(Total 3 marks)

21.  nisan integer
Prove algebraically that the sum of n(n+1) and n+1 is always a square number.

Alnari e nal = wEsa b )
w2 o
(1) o)
= (M.)‘

wL:cL\ - =S ;Twarm wum—b—er

1

A\l

(Total 3 marks)
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Umar thinks (a +1)? = a® + 1 for all values of a.
(a) Show that Umar is wrong.
(e+)*= @+)Cax) = a*+zaxc
2)
Here are two right-angled triangles.

All the measurements are in centimetres.

By Diagrams NOT
" e accurately deawn
“‘\%\ e, fo+ 1)
o (g+ 1) PR
&) c*. A % b“- " (c_ +|) = (c‘ f\) o (bﬂ)“w%_
" T,
"o, e "‘\«m‘w‘
_] ""M"'.v I
iﬁ

(b+1)
(b) Show that 2a+2b+1=2¢

(C*!)lf-(a—(—i)t'f(bof-()?- )’/—klc:?_c\-@/{L_{_z&.{:'
e? 42wl

a4 Za +|\

\U

& b2t ] 2¢

-

= 2 a4+2bs|
e 32 ¢ 4l &

a? 42a 5" 42 + 2.

//’_‘:‘____-_’,—_——
ctd2e 52 ar*dTLasL 4 2 4 )
[ ’
+ = c?
S“'a inko e‘-uga..t“-g"‘
i ad
evean «l - o
a, b and c cannot all be integers.
(c) Explain why.

A/

C = oc‘al y\ut‘*‘?‘e—if
2¢cz 2025+ | -
C = 2a 426 4| R ;m+252r
A = even B e i b e :u\+259r3 |
o R .., C = even +even £ | e € will be @ wa')\ - -‘u"'e—Jer‘
25 > even 5

(Total 6 marks)
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*23.  Prove algebraically that the difference between the squares of any two consecutive integers is equal
to the sum of these two integers.

| 2} 's’r .'»42_5er= "

(Dv\mccu\_k:vt IA"CS” = |

ANt ol = T
L T NS “
y\+\) —_ A = & -+ '\-("——-V\
bt 2—"‘("
/,
el

=
[

he Qre S pa A
i, [P

(Total 4 marks)

24.  Prove that (2n + 3)?— (2n —3)? is always a multiple of 12, for all positive integer values of 7.

(’2“ +3) "~ (ZA—B)L= La™ +tam+ T ——(Lm“——m..\+ﬁ)
= L2+ LA AR iz

24n

& 1% CZ.\)

0

wikighh 18 = MM\E.P'& of { 2

(Total 3 marks)
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25.  Prove that the sum of 3 consecutive odd numbers is always a multiple of 3

‘2“' 't-”' Da‘c‘ A\,\Mb-e(; 'Zn.(.l

2-"“ prSecu-LAV& oc'A,’. 2-‘“'1‘3

3"" consecaive QJJ = Zn ‘('S_

2u~+‘ 4+ 2An+3 42 +S = é;.«—(-q

= 3(‘2.«4—3)

wL“c‘A H e M“‘%P‘C sg 3

(Total 3 marks)

26.  Prove algebraically that the sum of the squares of any 2 even positive integers is always
a multiple of 4
2na & L( A
2 Z
(2) « ()" = et
e 2Oa"™

= ‘—(Cgv\‘)

.. omibzele i e MVJFF‘A ;.”P L'

(Total 3 marks)
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27.  Prove that the sum of the squares of 2 consecutive odd numbers is always 2 more than a
multiple of 8

\c'\' |;". oo!a’ y\uMlger = Qv\—&-(

(2-«4-') —e<2v\+3) = Ya~+ Hatl o La 416+ 9

Ba* 416+ 1O
¥ il
g€+ 2

= SC.A"—f?n-y()_{.;l

"

wLicL\ 'S ZMJ’/\C +han oo

(Total 3 marks)

28.  Prove algebraically that the sums of the squares of any 2 consecutive even number is always
4 more than a multiple of 8 i

QV\ cwsox Z-v\—(-z-

<‘2“)L*<2“\*7’)1= Limz—i' La*c B~ Y
= B4 Ba

= 8Catxn) 44

wL:;k 'S L—( PO YN ’H«cz.v\ & Mu.u-;]:la ofp 8

(Total 3 marks)
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29.  The product of 2 consecutive positive integers is added to the larger of the two integers.

s

Prove that the result is always a square number

lek 15* iwke,z)er = n

2'\cl :/\,‘l'ese( = |

n(a+) + ntt = neatacl

w‘\: el s o~ Q‘]/wa.(\e Y\MMb e/(/

(Total 3 marks)

30. cisa postive integer

6c3 +30c
Prove that '_—2_—"" is an even number
3ce+15

Facjror:ge Lot V\MMQ—(DJL'Or ‘::> éCC 3 ) o= -

e ——

3

"QC—

Gnd dencmina ter 2 C e S)

whiclh s an even nunbe ~

Sinece .’»!7 s Mu(l:\lg‘e -"—"/'c' fl

(Total 4 marks)

TOTAL FOR PAPER IS 100 MARKS

www.natkermaths.com


mhoward12.313
StrikeOut


