Differential Equations

Solving Differential Equations - Edexcel Past Exam Questions MARK SCHEME

Question 1: June 05 Q8

Question Scheme Marks
Number
ar . .. . .
(a) T is the rate of increase of volume (with respect fo time) B1
—kV : kis constant of proportionality and the negative shows decrease (or loss)
giving o 20-kV %k These Bs are to be awarded independently Bl
(2)
1 . .
b dV =|1dr separating variables | M1
®) J 20-kV J P
—%111(20—!;1/):: (+C) | M1A1
Using V' =0.¢=0 to evaluate the constant of integration — M1
c= —lhl 20
a2 )
ko \20-kV )
Obtaining answer in the form 7 = 4+ Be™ —1 Ml
2
y 29 20w Accept E(1—e‘“) Al (6)
koo k k-
dr .
(c) T =20e™" Can be implied | M1
ar 1
E:IO.r:S = 10=20e" = k=-In2~0.139 M1 Al
5
75
Atr=10. V=—° awrt 108 | M1 A1 (5)
In2
[13]
Alternative to (b)
. . - - . (W —kt
Using printed answer and differentiating o =—kBe M1
Substituting into differential equation
~kBe™ =20-k4-kBe™ Ml
20
A= = M1 Al
Using ¥ =0.7=0 1in printed answer to obtain 4+B=0 Ml
20
B=-"" Al (6)
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Differential Equations

ar )
= At B1
(a) ar 4y
dr dV dr 1000
(b) Uses = =2_ I, in any form, =— M1.A1
dr dt dVv 4rr-(2t+1)°
© 1 v =[10002¢+1) "dr andintegrate to p (21 + 17, =-500(2/ +1)" (+¢) M1, A1
Using V=0 whent=0tofindc, (c =500, orequivalent) M1
SV =500(1 —;) (any form) A1
2t +1
(d) | (i) Substitute t =5 to give V, M1,
then use 1’23(_, }togiver, =477 M1, A1
4z
(i) Substitutes t = 5 and r = ‘their value’ into ‘their’ part (b) M1
% =0.0289 (x290x10"*)(cm/s) *  AG A1

(1)

(2)

(4)

(3)

(2)
[12]
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Question 3: June 06 Q7

Differential Equations

SS;S;;” Scheme Marks
(a) | From question, as _ 8 as _ 8 | B1
dt dt
S=6x" = §:12x E:‘12>( B1
dx dx
dx dS dS 8 2 : dS dSs 8
222 = = = 3 = (k Candidate’'s — + —; — | M1; Aloe
dt dt dx 12x X ( dx  12x -
4]
(b) Vext = Vg N _ 3| B
dx dx
dv.  dV dx 2[’ } . . dV  dx M1;
- x= = 3x% | == 2x Candidate’s — x —;
dt  dx | dt 3x andiaates x  at XA
As x:V%,then%—2V% AG Useofx:V%,togive%:2V% A1l
[4]
Separates the variables with
dv J.d\f or J.V"%dV on one side and
(c) IV% = IZ dt V3 B1
I2 dton the other side.
integral signs not necessary.
'[v*% dV = '[2 dit
Attempts to integrate and ...
3vE =2t (+0) ... mustsee V* and 2t; | MT;
Correct equation with/without + c. | A1
Useof V=8andt=0ina
28 =2(0)+¢c = c=6 changed equation containing ¢ ; | M1 #: A1
c==6
Hence: 3V* =2t + 6
Having found their “¢c” candidate ...
%(16\/5)% —2t+6 = 12-2t+6 .. substitutes Vl:16\/§ into an depM1 *
equation involving V, t and “c¢’.
giving t= 3. t=3| Alcao
[71
15 marks
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Question 4: Jan 07 Q4

Differential Equations

(I}:jﬁf;gn Scheme Marks
2x—1 A B
4. (a) = +
(x-1)(2x-3)  (x-1) (2x-3)
Forming this identity.
2x —1=A(2x-3) +B(x-1) NB: A & B are not assigned in | M1
this question
Let x=2, 2=B(4) = B=4
Let x=1, 1=A(-1) = A=—1 eitheroneof A=-1orB=4.| Al
' both correct for their A, B. | Al
. -1 4
giving +
(x=1)  (2x-3)
[3]
dy J (2x-1) Separates variables as shown
= = | ——" _dx
(0) & (©) .[ y (2x=3)(x-1) Can be implied Bl
-1 4 Replaces RHS with their partial
= + dx p P /
.[ (x=1 (2x-3) fraction to be integrated. M1y
At least two terms in In’s | M1
sdny = —In(x=1) + 2In(2x-3) + ¢ At least two In terms correct | A1
All three terms correct and “+¢’ | A1
[5]
y=10,x=2 gives ¢=In10 c=In10 | B1
sdny = =In(x—1) + 2In(2x —3) + In10
Iny = —In(x—1) + In(2x - 3)> + In10 Using the power law for Ml
logarithms
, -
Iny = In[ (2x-3) +1n10 or Using the product and/or quotient
- (x=1) laws for logarithms to obtain a Ml
10(2x —3) ) single RHS logarithmic term
Iny=In (x 1) with/without constant c.
_ 2 _ 2
_ 10(2x -3y D((2x 1)3) = 710((2)( 1)3) or aef. iSW | A1 aef
X — X—
[4]
12 marks
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Differential Equations

Question 5: June 07 Q8

6 hr 39 mins

Question
Number Scheme Marks
(@) %=kP and t=0,P=R (1)
Separates the variables
e = . dP
'%= |kdt with .[? andjkdton M1
¢ B either side with integral
signs not necessary.
_ Must see InP and &t ;
INP = kt,(=c) Correct equation | A1
with/without + c.
When t=0, P=F, = Ink, =c¢ Use of boundary condition
« (1) to attempt to find the | M1
(or P=Ae” = R =A) constant of integration.
INP =kt +InP, =" =e"""® - " e
Hence, P =P, e" P=P;e* | A1
[4]
E— expression involving P
e*¥ =2 = Ine*™ =In2 or 2.5t =In2 Eliminates P, and takes
' M1
Lore®=2 = Ine* =In2 or kt=In2 In of both sides
= t=5In2=0277258872... days
t =0.277258872... x 24 = 60 = 399.252776... minutes
2 : awrt t =399 or
t=399min or ¢=6hr 39 mins (to nearest minute) e A1l

(3]

P=F e* written down without the first M1 mark given scores all four marks in part (a).
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Differential Equations

(c) %=/‘.Pcos}.t and t=0,P=F (1)
Separates the variables
with ‘% and
rdP - : . G
J -3 ‘ I ) cos Atdt on either side | M
with integral signs not
necessary.
_ Must see InP and sin At ;
INP =sinit;(+c¢) Correct equation | A1
with/without + c.
When t=0, P=F, = InF,=c¢ Use of boundary condition
i \ (1) to attempt to find the | M1
(or P=Ae™ = R=A) constant of integration.
INP =sinit+InP, = " =" ¥~ "% _ g™ g%
Hence, P=pP ™ P =P | aq
(4]
(d) P=2P & 1 =25 = 2P, =F,e"~
esn25t _ 5 — sin2 5t =In2 Eliminates F, and makes
& i i M1
L.or... e =2 = sindt =In2 sm_Zt o sm?.Stth,e
_— subject by taking In’s
t = s=sin”'(In2) Then rearranges dM1
to make t the subject.
(must use sin™)
t =0.306338477...
t =0.306338477... x 24 x 60 = 441.1274082... minutes
awrt t =441 or
= 441min = in r i P
t imin or t=7hr 21 mins (to nearest minute) 7 hr 21 mins Al
(3]
14 marks

P =p e written down without the first M1 mark given scores all four marks in part (c).
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Differential Equations

£=kP and (=0, P=F (1)
dt
Separates the variables
Aliter | . & [P ¥
) '%= fmr WIthJK—Pandeton i
way2 |- 2 either side with integral
signs not necessary.
Must see LinP and ¢ ;
LinP =t;(+¢) Correct equation | A1
with/without + c.
When t=0, P=R, = iInR =c Use of boundary condition
Y. | a5 (1) to attempt to find the | M1
lor P=Ae" = R =A) constant of integration.
+INP =t+4InF, = InP =kt +InF,
— enp _ eur-lna, _ ekr elna,
Hence, P =R, e" P=pRe" | A1
[4]
Separates the variables
Aliter ) ~dP -
- dP -~ ——
() 'k_= |1dt WltthP andJ dton M1
Way3 |~ il either side with integral
signs not necessary.
Must see LIn(kP) and t ;
Lin(kP) =t;(+¢) Correct equation | Al
with/without + c.
When t=0, P=F, = iIn(kR,)=c¢ Use of boundary condition
p Kt \ (1) to attempt to find the | M1
(or kP = Ae” = kR =A) constant of integration.
+IN(kP) =t+1In(kR,) = IN(kP) = kt + In(kF,)
— enkP) e ekr-ln:;kF@,; 22 en‘ elmk.l:g.n
= kP = e"‘.(kPo) = kP = kPoe‘“
(or kP = kPye" )
Hence, P =R, e" P=pRe" | A1

[4]
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Aliter
(c)
Way 2

Differential Equations

ar.. iPcosit and t=0,P=PR (1)
t

Separates the variables

with .% and
AP ¢ 2
J P ' cosAt dt cos it dt on either side

-

with integral signs not
necessary.

Must see 7’._InP and
%sin}.t;

Correct equation
with/without + c.

+InP = 1sin/it;(+ ¢)

Use of boundary condition
(1) to attempt to find the
constant of integration.

When t=0, P=P, = iInk, =c
(or P =Ae™* = F,=A)

+InP =4sinit+1InF, = InP =sinit+Ink,

sint +Ink, it SINP,
— ehP B ke R esln/...e )

Hence, P =P, e™* P = P, gt

M1

Al

M1

Al

[4]

P =F, e written down without the first M1 mark given scores all four marks in part (a).

P =P e™* written down without the first M1 mark given scores all four marks in part (c).
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Aliter
(c)
Way 3

Q
2[%

‘Pcosit and

|£ = |cos/’.t dt

JiP

+In(AP) = Lsinit;(+ ¢)

When t=0, P=F, = 1In(iR))=c

(or AP = Ae™™ = iR, =A)

<In(AP) = +sinit +1In(AF,)

t=0, P=PR,

= In(AP)=sinit+In{iFR,)

niiP) _  snit=In{iR,)

= e e

= JP=e"*(JR)

(or AP = ARe™*)

Hence, P =P, e™*

— esni eh('f'-ﬂ, ]

(N

Differential Equations

Separates the variables
with ﬁ and

J AP
J cos Atdton either side

with integral signs not
necessary.

Must see 1In(AP) and
+SinAt;

Correct equation
with/without + c.

Use of boundary condition

(1) to attempt to find the
constant of integration.

sinAt
P=PRe

M1

A1l

M1

A1
[4]

marks.

ft denotes “follow through”

cao denotes “correct answer only”
aef denotes “any equivalent form”

depM1#* denotes a method mark which is dependent upon the award of M1#

Note: dM1 denotes a method mark which is dependent upon the award of the previous method mark.
ddM1 denotes a method mark which is dependent upon the award of the previous two method

Question 6: Jan 08 Q8
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Differential Equations

%ﬁ;%:? Scheme Marks
dr ar :
(a) T=1600 c or =1600- A«/_ . Either of these statements | M1
(v =4000n =) I~ 4000 L L. N I
L dh dh dir 4000
@ _dn @ %
dt dV dr &
Either, 1 _ 1600— cJE 1600 b _ o4 Ji
ds 4000 4000 4000 i
Convincing proof of 77 Al AG
dh _1600-kvh 1600 ki _04—kR
dr 4000 4000 4000
(3]
; . dav
(b) When h =25 water leaks out such that e =400
400 =ch = 400 = c4f25 = 400 =c(5) = c =80
c _ 80 . .
From above; k= =0.02 as required Proofthat £=0.02 | B1 AG
4000 4000
(1]
Aliter
(1) 400 = 4000k 71
Way 2
= 400 = 4000k 25
Using 400. 4000 and /=25
h=5. Proofthat k=002 | Bl AG
(1]
Separates the variables with
( di . A
c —= 0.4—k~Jh —==|a: I—— and I dt on either side | M1 oe
© dr h = ' 04- kJ;T l 04—k
with integral signs not necessary.
=0.02
. time required = I : di o0
o 04-002Jh  =0.02
100
time required = j dh Correct proof | Al AG
JE

(2]
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Differential Equations

Questicd Scheme Marks
Number
Al00 " =
(d) ' D di  with substitution 2 =(20-x)"
0 __
di dh dh
— =2(20-x)(-1) or —=-2(20-x Correct — | B1 aef
5 = 200D or —==-2(20-x) =
h=(20-x) = Jh =20—-x = x=20-h
’) —
:).J‘ '0_ X dx or
f 2 _2020-x) dx X M1
2 ,[ 20-:
== ‘ﬁ +) J' o S
20—-(20-x)
where 4 1s a constant
),
o 100I X=20 g
X
‘IOOII 1——'dx
~100(x—20Inx) (+c) Toxtpfnx; o, f=0 | Ml
‘ 100x—-2000Inx | Al
change limits: when /#7=0 then x=20
and when 7 =100 then x =10
A100 £ "
| =22 a1 - [100x-2000nx]
0 20—J}-I -
100 100
or | - S [100(20-J71"|-2000m|'2o-4?7)]
Jo 20—~/i_1 : ‘ 2 Correct use of limits, ie. putting
them in the correct way round
. \ Either x=10 and x=20
= -2 —(2000-2 2 ,
(1000-2000In10)—{2000—2000In20) S AP Wy ddM1
= 2000In20-20001n10-1000 Combining logs fo give...
2000In2-1000
— 20001n2-1000 or —20001n()-1000 | A1 ef
(6]
(e) Time required = 2000In2 —-1000 = 386.2943611... sec
= 386 seconds (nearest second)
= 6 minutes and 26 seconds (nearest second) 6 minutes. 26 seconds | Bl
(1]
13 marks
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Question 7: Jan 10 Q5

Differential Equations

%‘:}ﬁggp Scheme Marks
9x+6 6
(@) f x dx:j(9+—)dx M
X 5
=9x+6lnx (+C) A1 (2)
(b) i}’dy=jgx+6dx Integral signs not necessary | B1
y X
(y'*dy=fgx+6dx
R X
! 2
T =9x+6lnx (+C) +hy = their (a) | M1
2
%y*=9x+61nx (+C) ft their (a) | Afft
y=8,x=1
3 2
S8 =9+6lal+C M1
C=-3 A
2 2
y? =-§(9x+6lnx—3)
y* =(6x+4lnx—-2) (=8(3x+21nx—1)’) A (6)

[8]
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Question 8: June 10 Q8

Differential Equations

Question
Number Scheme Marks
(a) %=0.48ﬂ'-0.6ﬂh M1 Al
V=9xh a£=97rﬁ Bl
dr dr
QWﬁ =0487-0.6xh M1
dr
: dh
Leading to 75;=4—5h * Al
(b) j L dh—jldt separating variables — M1
4-5h & = I:
~15ln(4-5h)=1 (+C) M1 Al
~15In(4-5h)=r+C
When t=0, h=0.2
-15ln3=C M1
t=15In3-15In(4-5h)
When h=0.5
t=151n3—151nl.5=151n(i3—<-J=151n M1 Al
Alternative for last 3 marks
03
t=[-15In(4-5h)]
=-15In1.5+15In3 M1 M1
=151n(-l%)=151n2 Al (6)
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Question 9: Jan11 Q3

Differential Equations

cllll:j?\igg? Scheme Marks
3 A B
(3 —
(x-1)(3x+2) x-1 3x+2
5=A(3x+2)+B(x-1)
x—1 IJ=54= 4A=1 M1 A1
2 5
x>-3 5=-3B = B=-3 Al 3)

5
®) I(x—l)(3x+2)dx=

o
x—1 3x+2

=ln(x-1)-In(3x+2) (+C)

ft constants

M1 A1ft Alft

(3)
5 1
N N\—man™= || |¥ M1
| [eEm I [J] ?
ln(x-l)—ln(3x+2)=lny (+C) M1 A1
K(x-1
}’=L depends on first two Ms 1n (c) | M1 dep
3x+2
K
Using (2,8) 8=; depends on first two Ms in (c) | M1 dep
64(x—1)
e Al 6
? 3x+2 (6)
[12]
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Question 10: June 11 Q8

Differential Equations

Question P T
e e Scheme Marks
@ [(4 +3) dx—('4'v+3)% (+C) MIAl (2
: (4)(3)
(=-}(4}'+3)§+C)
1 1
b —dv=J‘—,dx
®) ,[v‘(4}'+3) : x* Bl
I (4_1’+3)‘é dy=_"x'2 dx
1 4 1
3(4_‘,.+3)-=-; (+C) M1
; 1 + 1
Using (-2,1.5) —(4x1.5+3)'=——+C M1
leading to C=1 Al
%(4y+3)§=——+1
2 x
3 2
(4p+3) =2-= M1
-
) ‘—l-( ’——2-]2 =2 or equivalent Al (6)
4\" x) 4 2
(8]
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