Pure Mathematics 2 Practice Paper M16 MARK SCHEME

Question 1
Question
Tt Scheme Notes Marks
(a) John; arithmetic series, a = 60, d =15.
60+ 75+90=225* or Finds and adds the first 3 terms or uses
_ 3., _1W1SY) _ 995 * sum of 3 terms of an AP and obtains the | B1*
= 2 (120 + (3-1D3)) = 225 printed answer, with no errors.
Beware:
The 12% term of the sequence is 225 also so look out for gg + (12-1)x15 = 225 This is BO.
(1
(b) 3 _ - MI1: Uses 60~ (n—1)15withn=8or 9 i
fo=060+(n-1)15=(£)180 AL (5180 M1 Al
Listing:
M1: Uses a = 60 and d = 15 to select the 8% or 9 term (allow arithmetic slips)
Al: (£)180
(Special case (£)165 only scores M1AQ)
2]
n
(©) Sa= 3(120 +(n-1)13)) Uses correct formula for sum of »# terms
- with @ = 60 and d = 15 (must be a correct M1
formula but ignore the value they use for
s, =%(50+60+(,,_1)(15)) n or could be in terms of 7)
-
S, = 17'[ 120 + (12-1)(15)) Correct numerical expression Al
=(£)1710 cao Al
Listing:
M1: Uses a =60 and d = 15 and finds the sum of at least 12 terms (allow arithmetic slips)
A2:(H)1710
[3]
(@ 2275 _ 190 = 9 _ 1VA1S Uses correct formula for sum of » terms .
S A with a = 60, d = 15 and puts = 3375 Ml
Correct three term quadratic. E.g.
- - e 2 15 , 105
6750=105n+15n", 3375= Sn+—n
6750 =15n(8 + -1 152 +105n = 6750
’ SRS iR A S This may be implied by equations such as =
6750=15n(n+7) or 3375 =17>(n2 +7n)
Achieves the printed answer with no
2 7n = 25x18* errors but must see the 450 or 450 in Al*
ol et factorised form or e.g. 6750, 3375 in ‘
factorised form i.e. an intermediate step.
[3]
(e) M1: Attempts to solve the given quadratic
n=18= Aged 27 or states n= 18 M1 Al
Al: Age=27 orjust 27
Age =27 only scores both marks (i.e. » = 18 need not be seen)
Note that (e) is not hence so allow valid attempts to solve the given equation for M1
[2]
11 marks
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n 1 2 3 4 5 6 7 8 0
Up 60 75 20 10 120 135 150 165 180
Sn 60 135 225 330 450 585 735 900 1080
Age 10 11 12 13 14 15 16 17 18
n 10 11 12 13 14 15 16 17 18
Un 195 210 225 240 255 270 285 300 315
Su 1275 1485 1710 1950 2205 2475 2760 3060 3375
Age 19 20 21 22 23 24 25 26 27
Question 2
Question Scheme Marks
(a) s S > +3
x'+x—6)x4«l-x3 —3x"+7x-6 Al
o 67
3x2 +7x—6 M1 Al
3x +3x-18
4x+12
2432 +7x-6 2 4(x+3) Ml
x> +x-6 (x+3)(x-2)
- 4
=x"+3+
x“+3 x-2) Al
(5)
fi(x)=2x- >
(b) (x-2)? MIi1Alft
Subs x=3 into £'(x=3)=2x3——— —=(2) M
(3-2)
1 1 )
Uses m = —ﬂ =l—5 with (3.f(3)) =(3.16) to form eqn of normal
v=16= —%( x—3) or equivalent cso | M1Al
Q)
(10 marks)
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@)
M1

Al
M1

Al

(®)
M1

Alft

M1
M1l

Al

Divides x* +x° —3x? +7x—6 by x> +x—6 to get a quadratic quotient and a linear or constant
remainder. To award this look for a minimum of the following
2 (+..x)+ A
X +x—6)x" +x -3x"+7x-6

.
e oe?

(Cx)+D

If they divide by (x + 3) first they must then divide their by result by (x—2) before they score this

method mark. Look for a cubic quotient with a constant remainder followed by a quadratic quotient
and a constant remainder

Note: FYI Dividing by (x +3) gives x° —2x” +3x—2and (x3 —-2x? +3x—2)+(x—2)=x3+3

with a remainder of 4.
Division by (x — 2) first 1s possible but difficult.... please send to review any you feel deserves credit.

Quotient = x> +3 and Remainder = 4x+12
Factorises x° +x—6 and writes their expression in the appropnate form.
('x*+x3—3x2+7x—6 Their Linear Remainder
X’ +x-6 (x+3)(x-2)

It ié possible to do this part by partial fractions. To score M1 under this method the terms must be
correct and 1t must be a full method to find both "numerators”

) = Their Quadratic Quotient +

X' +3+

Go2) or 4 =3.B =4but don't penalise after a correct statement.
x=2

—2x%

x2+A+ S
x=2 (x—2)?

If they fail in part (a) to get a function in the form x* + 4+ =

5 allow candidates to pick up this
x—2

Rx+S
x*T

method mark for differentiating a function of the form x* + Px+ Q0+ using the quotient rule oe.

X+ A% = —2x— = —oe. FT on their numerical 4. B for for x* + A+

nl
x=2 (x-2)° x—2

Subs x =3 into their f'(x) n an attempt to find a numencal gradient

For the correct method of finding an equation of a normal. The gradient must be —m and the

pomt must be (3.f(3)). Don't be overly concerned about how they found their f(3). 1e accept x=3 y =.
1

£'(3)

If the form y = mx+c¢ 1s used they must proceed as faras ¢ =

Look for y—f(3)=—

(x-3) or (y—£Q3))x—£'B)=(x-3)

1 .
cso y—16=-7(x-3) oe such as 2y + x—35 = 0 but remember to 1sw after a correct answer.
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Alt (a) attempted by equating terms.

Alt (a) e -3x? +Tx-6=(x? + A)(x* +x-6)+B(x+3) Ml
Compare 2 terms (or substitute 2 values) AND solve simultaneously 1e
X’ = A4-6=-3, x=>A+B=7. const=>—6A+3B=-6 B
A=3B=4 Al Al
1st Mark M1 Scored for multiplying by (x* +x—6) and cancelling/dividing to achieve
e -3xr +Tx-6=(x? + A)(x* +x—-6)+B(x£3)
3rd Mark M1 Scored for comparning two terms (or for substituting two values) AND solving simultaneously

to get values of 4 and B.
2nd Mark Al Either 4 =3 or B =4 . One value may be cormrect by substitution of say x=-3

4th Mark Al Both 4=3andB =4
Alt (b) is attempted by the quotient (or product rule)

ALT (b) _ (x* +x—-6)(4x° +3x7 —6x+7)—(x* +2° =3x +7x-6)(2x+1) | M1A1
x)= - =
(x2+x—6)'
Ml
Ist3 Subs x=3 into
marks

. vu'-uv' ) R
M1  Attempt to use the quotient rule — with u = x'+x -3x’+7x—6and v=x+x-6 and
v

(x2 +x—6)(..x3........‘)—(x4 +x° =3x +7x—6)(..x..)

achieves an expression of the form f'(x) =

(1'2 +x-6 )2
Use a similar approach to the product rule with #=x* +x° =3x* +7x—6 and v= ( X +x- 6')_]
2 [ 2
Note that this can score full marks from a partially solved part (a) where f(x)=x"+3+ LIG
X" +x-—
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Question 3

Question Scheme Marks
, v 4(x7+5)—4xx2x
o |rrin(g)- L
(x + D) . (x- + 5)
4 ( dy ) 20—4x’ "
3 | (R ] 1A1
dx, (x+5)
4)
20— = 2 2 . .
(b) -0—4’(1 <0=>x" > TO Critical values of +/5 Mi
(xl +5)'
x <—/5.x >/5 or equivalent dMI1Al
(3)
7 marks
vu'—uy'

(@M1  Attempt to use the quotient rule —— with u=4x and v= x* +5 . If the rule is quoted it must be
v
vu'—uy'

v

correct. It may be implied by their = 4x.u' = 4. v=x"+5.V' = Bx followed by their

If the rule 1s neither quoted nor implied only accept expressions of the form
A(x2 +5)-4xxBx

- ) - .A.B>0 You may condone missing (invisible) brackets
(x' +5)

Alternatively uses the product rule with #(/v)=4x and v(/u)= (Jr2 - 5)-l . If the rule is quoted 1t

must be correct. It may be implied by their # =4x.2' =4, v=x"+51"= Bx( o ! 5')_2 followed by
their vi'+uv'. If the rule 1s neither quoted nor implied only accept expressions of the form
A 2
A(x? +5) +4xx Bx(x* +5)
Al f'(x) correct (unsimplified). For the product rule look for versions of 4(x? + 5)-1 —4xx2x(x* + 5)-2
A+Bx?

Ml  Sumplifies to the form f'(x) = ———— oe. Thus 1is not dependent so could be scored ﬁomw
(x* + 5) L
When the product rule has been used the 4 of 4 ( X 5')-1 must be adapted.
4(5-x> 2 _ —4(x* -5
Al CAO. Accept exact equivalents such as (f'(x))= ( ) .- e 2? or — ( - )
(x3+5)' (x2+5)' X" +10x" +25

Remember to 1sw after a correct answer

(®)

M1  Sets their numerator either =0 . <0. .. @ >0, ..0and proceeds to at least one value for x

For example 20 —4x7..0=> x./5 will be M1 dMO AO.

It cannot be scored from a numerator such as 4 or indeed 20+ 4x”

dM1 Achieves twao critical values for their numerator =0 and chooses the outside region
Look for x < smaller root. x> bigger root. Allow decimals for the roots.
Condone x.. —+/5. x.. /5 and expressions like —/5 > x> /5

If they have 4x*-20<0 following an incorrect derivative they should be choosing the inside region
Al Allow x<—-/5.x>45 x<—-Sorx>5 {x:—oo<x<—~/§u~/§<x<ao} |x|>~/§

Do not allow for the Al x <—v/5Sand x>+/5 . V5 <x<—/5 or {x:—w<x<-/5n5 <x<x}

but you may 1sw following a correct answer.
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Question 4

Question Scheme Marks
(a) 2cot2x+tanx=———+tanx Bl
tan2x
t (I1-tan” x) N tan” x Ml
tan x tan x
1
= Ml
tan x
=cotx Al*
4)
(b) 6ot 2x + 3tan x = cosec”x —2 = 3cot x = cosec-x —2
= 3cotx=1+cot’ x—2 M1
= 0=cot> x—3cotx—1 Al
3+4J13
= cotx = ;/_ M1
—';' Ml
—tanx = =x=.
3+ /13
=>x=0.294,-2848.-1.277.1.865 A210
(6)
(10 marks)
2 ¥
(2alt Deot2x+tanx =X 4 tan x Bl
1 sin2x
=) COS-. X—sin- X N sinx Mi
2sINXCOSX  COSX
= cos.‘ x—sin~ x o 'sm‘ X _ .cos‘ X M1
SIN X COS X SINXCOSX SINXCOSX
_cosx
T osinx
=cotx Al*
a)alt —tan®
(2) 2cot2x+tanx52w+tanx BIM1
2tanx
2 2tan’x (1-tan’® x)+tan’ x
= - +tan x or
2tanx 2tanx tan x
y.
= =cotXx MIA1*
2tan x
: 3cos> 1
Alt (b) | 6cot2x+3tanx =cosec’x—2= e — =2
sy smn- x
(xsin2 x'):3sinxcosx=l—25in2x Ml
3.
:>?sm2x=cos 2 MI1Al
2
ﬁtan2x=§=>x=.. M1
=>x=0294,-2848.-1.277.1.865 A210
(6)
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. i i 2 . 2cos2x
Bl States or uses the identity 2cot2x = or alternatively 2cot2x =—
tan2x sin2x
This maybeimpliedby2cot2x=l_t—anzx.Note 2cot2x = 1s BO
tan x 2tan2x
. . 2tan x
M1  Uses the correct double angle identity tan2x =————
I-tan” x
. . . 2 -2 sinx
Alternatively uses smn2x=2smxcosx. cos2x=cos” x—sin~ x oe and tanx =
cosx

M1  Wrtes their two terms with a single common denomunator and simplifies to a forma—b .

cd
For this to be scored the expression must be 1n either sin x and cos x or just tan x.

In altemative 2 1t 1s for splitting the complex fraction into parts and simplifying to a forma—;J .
Ci

, X
cos” x 2cos” x 2

You are awarding this for a correct method to proceed to terms like — . —.
SINXCOSY Dginxcos: x¥ 2tanx

Al* cso. For proceeding to the correct answer. This 1s a given answer and all aspects must be correct
mcluding the consistent use of vanables. If the candidate approaches from both sides there must be a
conclusion for this mark to be awarded. Occasionally you may see a candidate attempting to prove
cotx —tan x = 2cot 2x . This 1s fine but again there needs to be a conclusion for the A1*

If you are unsure of how some items should be marked then please use review

(b)

M1  For using part (a) and writing 6cot2x+3tanx as kcotx. k=0 in their equation (or equivalent)
WITH an attempt at using cosec’x =+1%cot’ x to produce a quadratic equation 1n just cotx/tan x

Al cot’ x—3cotx—1=0 The=0 may be implied by subsequent working
Alternatively accept tan” x+3tanx—1=0

M1  Solves a 3TQ=0 in cotx (or tan) using the formula or any suitable method for their quadratic to find at
least one solution. Accept answers written down from a calculator. You may have to check these from
an incorrect quadratic. FYI answers are cotx =awrt 3.30, -0.30

+J13 -3+/13
3 ﬁtanx=T

Be aware that cotx =

M1 For tanx =

: and using arctan producing at least one answer for x in degrees or radians.
cotx

You may have to check these with your calculator.
Al Two of x=0.294. —2.848, —1.277 .1.865 (awrt 3dp) 1n radians or degrees.

In degrees the answers you would accept are (awrt 2dp) x=16.8°,106.8°, —73.2° . —-163.2°

Al All four of x=0.294, —2.848. —-1.277 .1.865 (awrt 3 dp) with no extra solutions in the range
-, XX T

See main scheme for Alt to (b) using Double Angle formulae still entered M AMM A A 1n epen

Ist M1 For using part (a) and writing 6cot2x+3tanx as kcotx, k=0 in their equation (or equivalent)

. cosX 2
then usmg cot x =——_ cosec” x =——

Smx simn” x

- .9 - -
and xsin~ x to form an equation sin and cos

Ist Al For %sin 2x=cos2x or equivalent. Attached to the next M

2nd M1 For using both correct double angle formula
3rd M1 For moving from tan2x = C to x=._using the correct order of operations.
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Question 5

%: :;{:;n Scheme Notes Marks
2x'y +2x + 4y —cos(1y) =17
@ ix- { 4xy + 2x° d—‘ +2+4% zsin(m')ﬂ - Ml Al Bl
Way 1 o | dx | dx " dx — =
3—1[ 2% + 4 + wsin(ry)) + 4y +2=0 dM1
= )
dy —4xy—2 dxy+2 Correct answer
- = 0 - or = - - Al cso
dx 2x° + 4 + rsm(7y) - 2x* —4 - gsin(1y) or equivalent
[5]
. R |
N (N dy _403)3) -2 8 Substituting x =3 & y= >
(b) At[3, | m=—=—0F R I ( , [ MDY
\""2) dc 203 +4+asin(dix) [ 22+7] |. S
\2%) into an equation involving yre
\.
N+ Applying =1 to find a numerical M,
my=—2 A S [ M1
Can be implied by later working
1 22 \
° 'y_?:‘ ;K"(bx-s]
/ \ 1
7 7 ) = Pl s
s %=L__;—ff @) +c =l_66+8-3,7 ) ) my(x — 3)or
- . — ) . 1 i
o , y=mX+C where — = (their m)3 + ¢ J
:”:[72?,7]1._1_66,3/7 N 2 " dM1
8 2 8 with a numerical 7, (= m, )where m, is
. interms of /7 andsets y=0 in
Cutsx-axis > y =0 . .
their normal equation.
1 (2+«x
=2 - ? = ". 3 l( x-3 )
-4 3T+ 62 3x 67 +124 62 + 37
0 {1=32+,7+3 } BT r+22 O 2ridd | 2man |AlOC
[4]
9
{ . \l )
(@) x| & o, W o BT Ml Al Bl
Way 2 W < | 4x) & +2x l - e 4+ gsm(ry)=0 Al Bl
\ v ), v
dx k2 it e .
d—v|_4,\;\'+ 2)+2x" + 4+ asin(zry)=0 dM1
dy —4xy -2 Axy+2 Correct answer
PR - or 3 - - Al cso
dr  2x" + 4+ rsin(ry) - 2x" — 4- xsin(7wy) or equivalent
[5]
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Question Notes

(@) Note  Writing down from no working
L4 st S iy +2 MIAIBIMIAL
s = - 3 - £ .
dr  2x" + 4+ rsin(my) - 2x" — 4 - asin(wy) S
Y Sy+2 MIAOBIMIAQ
¢« — = 5 - Y.
dr  2x" +4+ msm(ry) SENES
Note  Few candidates will write 4xydx+ 2x’dy +2dx+ 4dy + 7sin(7y)dy = 0 leading to
N i ivalent. This should get full mark
dc  2x* + 4+ wsin(7y) i ST
Question Notes Continued
“.1(:)1 M1 | Differentiates implicitly to include either 2x* % or 4y —» 4% of —cos(7y) — = Asin( 7[}')%
aj X
(Ignore (% =] ). A is a constant which can be 1.
| . dy . dy
1PAl | 2x+4y—cos(7y)=17 — 2+4— + gsin(7y)—=0
dx dx
Note | 4xy+ 2x2£ +2+ 4d—1 + ;rsin(fry)g - 2’ Y + 4d—1 + ;rsin(/'r_v)g =—4x-2
dx dx dx dx dx dx
will get 1¥ A1 (implied) as the "= 0" can be implied by the rearrangement of their equation.
Bl | 2Xy >4y +2x Y
dx
Note | If an extra term appears then award 1% AQ.
dM1 | Dependent on the first method mark being awarded.
An attempt to factorise out all the terms in :—1 as long as there are af least fwo ferms in g—l .
X X
ie. ﬂ(h-z +4+ gsin(Ty)) + .. = ...
dx ’
Note | Writing down an extra % = ... and then including it in their factorisation is fine for dM1.
Note | Final Al cso: Ifthe candidate’s solution is not completely correct. then do not give this mark.
Note | Final Al isw: You can. however. ignore subsequent working following on from correct solution.

(a) Way 2 | Apply the mark scheme for Way 2 in the same way as Way 1.

(®) 1M1 | M1 canbe gained by seeing at least one example of substituting x =3 and at least one example of
substituting y = % Eg "—4xy"—"-6" in their % would be sufficient for M1, unless it is clear
that they are instead applying x = % . y=3.

3 M1 | is dependent on the first MI.
Note | The 2** M1 mark can be implied by later working.
1 4
Eg. Award 2* M1 3 Ml for —— =——
3—x their m;
Note | We can accept sm T or sin[g] as a numerical value for the 2 M1 mark.

.,
% J by itself are not allowed as being in terms of /T for the 3 M1 mark.

But, sin7 by itself or sm(

N
The 3 M1 can be accessed for terms containing ﬂsm[ 7) .
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Question 6

Question Scheme Marks
(i) y=e* cos4x=>(%)=cos4xx 3¢’ +e’* x—4sindx MIi1A1
. 1..
Sets cos4xx3e’™ +e** x—4sin4x=0=>3cos4x—4sin4x=0 Ml
1 3
= x = arctan Ml
= x=awrt 0.9463 4dp Al
)
(ii) x=sin’ 2y :—=2‘ 2yx2cosy MI1Al
Uses sin4y =2sm2ycos2y in their expression M1
dx dy 1 1
I mn4y 35 Zsndy - 5cosec4\ Mi1Al
)
(10 marks)
(i) AltI | x=sin’ 2y = '—%—%cosh 2nd M1
dx :
d—‘:zsmm 1st M1 Al
Y
dy 1 1
:>_'.=—.=_. ! 4 ]
dr 2sndy 20 SRS
)
@ar | 3 1 -3 dy
I x2 =smn2) :>§1 2 —2c052_}-a MI1Al
1
Uses x2 =sin2y AND sin4y =2sin2ycos2y in their expression Ml
d__1 _1 cosec4dy MI1Al
dcr  2sindy =2
()
ii) Alt L . ) 1
("%H 2 =sin2y=> 2y =invsin x2 :2% = JIl—_x x%x 2 MI1ALl
1
Uses x? =sin2y. v1—-x=cos2y and sin4y =2sin2ycos2y in their M1
expression
dv 1 _l
dx 2sindy 2cosec41 o
()
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©

® ,

M1  Uses the product rule v'+vu' to achieve (%) = Ae** cos4x+Be’*sin4x A.B=0
The product rule 1f stated must be correct

Al Correct (unsimplified) % =cos4xx3e’™ +e’* x—4sin4x

M1  Sets/implies their E‘ = 0 factorises/cancels)by e°* to form a trig equation 1n just sin4x and cos4x

sin4x
cosdx
x=.. Accept x=awrt0.16 (radians) x =awrt 9.22 (degrees) for this mark.

If a candidate elects to pursue a more difficult method using Rcos(6 +«). for example, the
minimum expectation will be that they get (1) the identity correct. and (2) the values of R and a
correct to 2dp. So for the correct equation you would only accept 5cos(4x+awrt 0.93) or
5sin(4x —awrt 0.64) before using the correct order of operations to x =_..

Similarly candidates who square 3cos4x—4sm4x =0 then use a Pythagorean identity should

M1  Uses the identity

=tan4x . moves from tan4x =C. C =0 using correct order of operations to

3 4
proceed from either smn4x= 3 or cosdx= 3 before using the correct order of operations ...

Al = x =awrt 0.9463.

Ignore any answers outside the domain. Withhold mark for additional answers inside the domain
(1)
M1  Uses chain rule (or product rule) to achieve =Psin2ycos2y as a derivative.

There 1s no need for lhs to be seen/ correct

If the product rule 1s used look for 5{ =*Asin2ycos2ytBsin2ycos2y.
Al Both lhs and rhs correct (unsimplified) . j—: =2sm2yx2cos2y=(4sin2ycos2y)or

. dy
1=2sin2yx2cos2y—
dx

M1  Uses sin4y=2sm2ycos2y i their expression.
You may just see a statement such as 4smn2ycos2y =2sin4y which 1s fine.

Candidates who write X = Asin2xcos2x can score this for X = g sindx

dx dx

Ml  Uses & _ / for their expression in y. Concentrate on the trig identity rather than the
ay

coefficient in awarding this. Eg ‘;ﬂ =2smm4y= 3—1 = 2cosec4y 1s condoned for the M1
-"

X
dx dv 1 1
If a—a+b do not allow a_a-*-b
Al % = %cosec4y If a candidate then proceeds to write down incorrect values of p and g then do not
withhold the mark.

NB: See the three altematives which may be less common but mark in exactly the same way. If you are
uncertain as how to mark these please consult your team leader.

. . . 2 1,1 .
In Alt I the second M 1s for writing x=smn” 2y =>x= i;i;cos{v from cos4y =+1+2sin’ 2y

—
—

In Alt II the first M is for writing x2 = sin2y and differentiating both sides to Px 2 =Qcos2 1X oe

In Alt 111 the first M 1s for writing 2 y = invsin (x°'5 )oe and differentiating to M

Il
-
<
[
—
-’ |
o
n
—
(=]
X
Lo
|
o
v

www.naikermaths.com



Question 7

Question Scheme Marks
(a) R=V3 B1
tanar === a=26,57° MIAL
3
- =15= 2 =15
®) | S oso—smB-1 ~  PBcos(6+2669)—1
= cos(6+26.6°) =% =(awrt 0.507) MI1Al
68+26.57°=5054°
= 6@ =awrt 33.0°or awrt 273.9° Al
6 +26.6°=360°—their'59.5°" dM1
= 6 =awrt 273.9°and awrt 33.0° Al
_ _ 3
(c) 6 —their 26.57° = their 59.54° = 6 = ... M1
6 =awrt86.1° Al
2
(10 marks)

@)
Bl

M1

Al

(®)
M1

Al

Al

Al

(©)
Ml

Al

R=+/5.Condone R=1%+/5 Ignore decimals
1

2
tana=i—,tana=i'T:>a=...

2
If their value of R 1s used to find the value of & only accept cosa = ii OR sma = i% —Sa=..

o

a =awrt 26.57°

Attempts to use part (a) = cos(6£their 26.6°)=K. [K|..1

cos( 8 % their 26.6°) = % =(awrt 0.507). Can be implied by (6 = their 26.6°) = awrt 59.5°/59.6°

One solution cormrect, & = awrt 33.0°0r 6 = awrt 273.9° Do not accept 33 for 33.0.

Obtains a second solution in the range. It 1s dependent upon having scored the previous M.
Usually for 6+ their 26.6° = 360° — their 59.5°= 6 = ...

Both solutions & = awrt 33.0° and awrt 273.9°. Do not accept 33 for 33.0.

Extra solutions inside the range withhold this Al. Ignore solutions outside the range 0 .. 8 <360°

6 —their 26.57° = their 59.54°= 6 = ...

Alternatively —6 + their 26.6° = —their 59.5°= 6= .
If the candidate has an incorrect sign for « . for example they used cos(6 —26.57°) 1 part (b) it would
be scored for & +their 26.57° = their 59.54°= 6 = ...

awrt 86.1° ONLY. Allow both marks following a correct (a) and (b)
They can restart the question to achieve this result. Do not award 1f 86.1 was their smallest answer in
(b). This occurs when they have cos(6—26.57°) instead of cos(6+26.57°) n (b)

Answers in radians: Withhold only one A mark. the first time a solution 1n radians appears
FYI (a) =046 (b) 6 =awrt 0.58 and 6, =awrt 4.78(c) 6, =awrt 1.50. Require 2 dp accuracy
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Question 8

Question Scheme Marks
(a)
4
Correct position or curvature | M1
Correct position and curvature | Al
(2
(b) 3arcsin(x+l)+ir=0=>arcsin(x+l)=—% M1
=>(x+1)=sm(—§)
=>x=-1 —ﬁ dMI1A1l
(3)
(5 marks)

(a) Ignore any scales that appear on the axes
M1  Accept for the method mark
Either one of the two sections with correct curvature passing through (0.0).
Or both sections condoning dubious curvature passing through (0.0) (but do not accept any negative
gradients)
Or a curve with a different range or an "extended range”
See the next page for a useful guide for clanfication of this mark.
Al A curve only in quadrants one and three passing through the point (0.0) with a gradient that 1s always
positive. The gradient should appear to be approx oo at each end. If you are unsure use review
If range and domain are given then ignore.
(b)

Ml  Substitutes g(x+1) =arcsin(x+1) 1 3g(x+1) + 7 = 0 and attempts to make arcsin(x + 1) the subject

Acceptarcsin(x+1) = i% oreven g(x+1)= i% . Condone % in decimal form awrtl 047

dM1 Proceeds by evaluating sin(i‘% ]and making x the subject.

Accept for this mark = x= ig +1. Accept decimal such as —1.866

Do not allow this mark if the candidate works 1 mixed modes (radians and degrees)
You may condone invisible brackets for both M's as long as the candidate 1s working correctly with

the function
NEY . ) .
Al -1- e with no other solutions. Remember to 1sw after a correct answer
= . 2-3 -2+3 . 2+43 .
Be careful with single fractions. — 5 and are incorrect but — 1s correct

T

Note: It 1s possible for a candidate to change 3

to 60°and work 1n degrees for all marks
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Question 9

I%: ﬁg;n Scheme Notes Marks
x = 4tant, _)’:SJgsinZI, Os§t<%
Either both x and y are differentiated
. J_ correctly with respect to 7
(@) — =4sec’t, —-10 3cos2t s W . dx
Way 1 dr or their Edmded by their - M1
i . dy o . dt
dy loﬁcos 2 [ 5 or applies — multiplied by their —
> 3 cos2tcos’ t dr dx
dx 4sec’t 2
Conect (Can be implied) | Al oe
' 15 T
At Pl 4./3, —] , fm
{ P{ 2) 3}
dependent on the previous M mark
d 1043 cos(%) Some evidence of substituting M1
dv  4sec’(£) t=Z or t =60 into their &
3 <h‘
dy 5 15 __J_
o AP el r — Al cso
dx 16 1@3 16\/_
from a correct solution only
[4]
(b) {loxﬁcoslr=0=>r=§}
i ()
At least one of either x = 4tanL Z J or
‘T NRE 2 . '
So x =4tan[—) ,y= Sﬁsm 2[—) s M1
4 t 4 J ,}'=5w/§sin{2[§]} or x=4or y=5\/§
or y=awrt8.7
Coordinates are (4. 5\/5) (4_ 5J§) or x=4y= 5«/3_» Al
2
6
Question Notes
10v3cos2t S . s , 5
(a) 1Al Correct — b .Eg ——— or = 3 cos2fcos f or 2\5 cos” t(cos™ f—sin” 1)
4sec”t 2 2
or any eqluvalem form.
. : 10 . 5 _ 15
Note Give the final AQ for a final answer of ——\/3 without reference to ——-+/3 or
32 16 163 3
Note Give the final A0 for more than one value stated for i—‘
X
(b) Note Also allow M1 for either x = 4tan(45) or y =5 35i.n(2(45)]
Note M1 can be gained by ignoring previous working in part (a) and/or part (b)
Note Give A0 for stating more than one set of coordinates for O.
Note | Writing x=4, y= >\/- 3 followed by (5J_ 4) is A0
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Scheme Notes Marks
x =4Mant, )!zS\ESinZI, 0€1<§
@ tanf—i = sint = T cost = 2 = y= 40‘/51-
Way 2 4 Jai+16) Jai+16) ° x+16
u=40{3x v=x"+16
Y g0z Yo
dx
+4(x* +16) + Bx* il
&y 40303 +16)- 2x(40\3x) [ 40V3a6-x%) (2 +16)
dr (x* +16)° T (P +16)° &
Correct d_ simplified or un-simplified | Al
X
dependent on the previous M mark
dy 40J§ (48+ 16)_30J§(43) Some evidence of substituting M1
dx (48+16)° x =43 into their %
= 5 15
Y_ 2o — —%3 B Al cso
16 16v3 16V3
from a correct solution only
[4]
( Jf x))
“.(:‘), 3 | Y= 5J§sinL 2tan [%]
dy ( (x\\( 1
: YA —— = £ Acos| 2tan™ —J { :] M1
Y_ 3cosL2tan'l[i]} — (l] " t L4' } X
dx A 1+(2) )4 dy
' Correct d_ simplified or un-simplified. | Al
X
dependent on the
dv , e 2 Y1 D11 previous M mark
Q. 5J§cos( Qtan'l(sfg))[;J(—] - 5\[5(__}[_][_) Some evidence of substituting | dM1
dx . O IN1+3/\ 4 2)02/\4 v
Xx= 4\6 into their —
dx
- 5 15
) 5 15 2 -
H__Sf3or- 16J§or 163 | Al cso
dx 16 16v3 .
from a correct solution only
[4]
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Question 10

Question
Number Scheme Notes Marks
® e y>0_ (i) d 4sin’ 8
i X, X =4sin
1(31 - 7) J‘ 4_
(1) _ 4 See notes | M1
Way1 1(3} + 7) Ty - (33; +2) = 3y-4=ACy+2)+ By At least one of their Al
y=0 = —4=24 = A=-2 A=-2or their B=9
y=-2 —6=-2 Both their
y= 6=-48 = B=9 A=-2and their B=9 | Al
Integrates to give at least one of either
A o !
o T —tilny O Gy+2) —=>Euln(3y+2) | M1
j—(,?, T J._+(3 ”) A=0.B=0
YOy + Y At least one term correctly followed through Alf
from their 4 or from their B
= _2lﬂ.\'+31n(3v+2) {+ C} _21’.1}_{_3111(31 +2) or _Zhl}‘+3hl(y+%)
with correct bracketing, Al cao
simplified or un-simplified. Can apply isw.
[6]
(1) (_a) {x = 4sin’ 9:»} I _ gsinfcosd or d— =4sin26 or dx =8sinfcosbdl Bl
Way 1 dé
J S 8sinBceosé {d6} or e ‘9 sin26 {d6) Mi
4—4sin’ 6 4-4sin’6
- jtan@.SsinGcosG {d6} or | tane. 4sm79{d9} [;] —+Ktan6 or +A[ Sme] M1
= = 4-x. cos@) | =
= J'Ssinl 6dé J‘Ssinz €dé including df | Al
o 3, : 3 Wirites down a correct equatlon
3=4s1n°f or—=sm"for smf=— = 6=— ) )
4 2 3 involving x = 3 leading to 6 = = 3 T and | B1
{x =0->6= 0} no incorrect work seen regarding limits
‘ 51
. 1-cos26 : \ Applies cos26=1-2sin’ 8
= — = —_— 2 - <
) () {8},[( 2 ]de { J.(4 S -GV)dO} to their integral. (See notes) Ml
} For +af+ Bsin26, a.f=0 | Ml
1 1. . .
) g0-jmae) (- s0-25m20) w0 (Lo Limd) | m
o H B ()
[|385m 6d6= s[ 6——sm76] s“l-llﬁJJ-mw”
1- 0 o \ 4\ 2
——7-3 “two term” exact answer of e.g. %;r— 3 or (41: 3«/_) Aloe
[4]
15
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Question Notes

6 1tan | Writing Sy-4 _4 4 B anda complete method for finding the value of at least one
yGy+2) ¥y Gy+2)
of their 4 or their B.
Note MIAI1 can be implied for wrifing down either -3 = = + el
yGy+2) ¥y Gr+2)
3y—4 _theird 9  ithno working.
yGy+2) y Gy+2)
Note Correct bracketing is not necessary for the penultimate A1ft. but is required for the final Al in (1)
Note | Give 22 MO0 for _3¥ =4  going directly to ialn(SyI +2y)
Y3y +2)
Note ...but allow 2 M1 for either M_, +aln(3y* +2y) of M - +ain(3y* +2y)
3y +2y ) } 3y +2y }
(i)@) | 1*M1 | Substitutes x =4sin’ 6 and their dx {fm R — %] into \%J dx
’ = } -X
Note dx = Ad@. For example dx =dé&
Note Allow substituting dx = 4sin 26 for the 1* M1 after a correct c% =4sin26 or dx =4sin26dé
d ) ) (x| ) . [ siné)
A | Applying X =4sin’ 6 to [_ to give =K tan6 or iAL—
4-x cosé)
Note Integral sign is not needed for this mark.
1% A1 Simplifies to give I 8sin’6 dé including dé
2®d Bl | Writes down a correct equation involving x = 3 leading to & ='—; and no incorrect work seen
regarding limits
Note | Allow 2™ Bl for x= 4si.nl( %l =3 and x=4sin'0=0
nd [ T
Note Allow 2* Bl for 8= sm"L ZJ followed by x=3.6 = ? x=0.6=0
(i1)(b) M1 Wirites down a correct equation involving cos28 and sin® @ »
e ’) .2 1 - 26
E.g.: cos26=1-2sin’6 or sm39=ﬂ or Ksm 6 = K(%]
and applies it to their integral. Note: Allow M1 for a correctly stated formula
(via an incorrect rearrangement) being applied to their integral
AL Integrates to give an expression of the form a6 + Fsin28 of k(zab £ Fsin26).
B a0, =0
(can be simplified or un-simplified).
1Al Integrating sin’ & to give %0 - %sinw, un-simplified or simplified. Correct solution only.
Can be implied by ksin’ @ giving %6 - %sinl& or %(26 - 5in28) un-simplified or simplified.
24 A1 | A correct solution in part (i) leading to a “two term” exact answer of
4 8 4 2\/3 1/
“r- a- - - ok 5
eg 37 3 or 57 V3 or - S o 3(4/7 3«/5)
Note A decimal answer of 2. 456739397 (without a correct exact answer) is AQ.
Note Candidates can work in terms of A (note that A is not given in (ii))
and gain the 1* three marks (i.e. MIM1A1) in part (b).
Note [ If they incorrectly obtain [ *8sin’ 6 dg in part (i)(a) (or correctly guess that 1 =8)

then the final A1 is available for a correct solution in part (i1)(b).
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Scheme Notes Marks
(1) ﬂdy - Mdy — ﬂdy
Way2 | JyBy+2) ©  J3i+2y 7 ) GBy+2)
3y+6 _ 4, = 3y+6=A3y+2)+ By See notes | M1
yBy+2 y Gy+2d At least one of
o o T n_ e | Al
y=0 = 6=24 = A=3 their 4 =3 or their B=-6
Both their 4 =3 and their B=-6 | Al
y=-% > 4=-1B > B=-6
Integrates to give at least one of either
3_\"— 4 M-}ialﬂ(s.)vzq-?_})
——dy 3y°+2y
yGBy+2) 4 T Ml
o1 T — T Alny OI Gy=2) — > uln(3y + 2)
6y+2
=J‘ 1+ dy—J‘—d} +J , M=#0.4+0.B=0
3y +2y Y Gy +2 At least one term correctly followed through | Al ft
; In(3y* +2y) -3lny + 2In(3y + 2)
= In(3y"+2y)-3lny+2In(3y+2){+¢ ’ x ’ -
G) Y : G ){ } with correct bracketing, Al cao
simplified or un-simplified
[6]
O [ 21 412 12 &
Way 3 y3y+2) 3P +2y y3y+2)
%si+ 3.3 — = 5=A4By+2) + By See notes | M1
yearsdl r s ) At least one of their 4 = <
y=0 =5=24 = 4=1% or their g -z | !
y=-%=3=-38 = B=-% Both their 4 = £ and their B=—% | Al
Integrates to give at least one of either
3y—4 M—)ia In(3y" +2y)
— dy 3y +2y
y3y+2) 4 Ml
. ) o1 > +ilny O L -+ uln(3y +2)
3y+1 3 3 ] :
=J'5‘_+d.\,_J‘;d}.+J E g M #0,4%0, B0
3y +2y Y Gy +2) At least one term correctly followed through | Al ft
1 ) 5 5
5 — a2y —— ) 4+ — ) + 2
- %ln(3y2 +2y) -2y + %ln(3_v +2){+c) WGy +2y) -7y + 510Gy +2) A e
- < - with correct bracketing,
simplified or un-simplified
[6]
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Scheme Notes

@ 3'1'——4dv - Ldv— ;dv
Way 4 y@3y+2) \'(31' +2) 7 y@By+2) -

a J‘ _ 4 4
(31 +2) y3y+2)

4 = 4 = A(By+2)+ By See notes | M1

y(3By + ’) ,\' (3.\‘ +2) At least one of

their 4 =2 or their B=-6 Al

y=0 = 4=24 o> A4=2

Both their 4 =2 and their B=-6 | Al

y=-% > 4=-1B > B=-6
Integrates to give at least one of either
j L B e — > taln(3y +2)0r A siimyor
Y3y +2) @y +2) ? M1

=+ uln(3y + 2).

GBGy+2)
3 _av-12ay+1—5—a, A%0.B=0.C=0
3y+2 y (By+2) -

At least one term correctly followed through | Al fi

In(3y+2)-2lny+2In(3y + 2)
with correct bracketing, | Al cao

In(3y+2) -2y + 2In(3y +2) {+ ¢}

simplified or un-simplified
[6]
Alternative methods for BIMIMI1AL1 in (i1)(a)
W) | {x = 4sin’ 6 =} :9 $sin6cos s AsinWay 1 | B1
4sin* 6 .
————— . 8sinfcos b {d6} As before | M1
4—-4sin" 6
= | =228 §cosesing {a6)
- (l_sm-a)
- Lﬁ\_s,kl-sﬁnﬁe)me{de}
v \](I—SIn‘H)
6. 8sind { dB} Correct method leading to
= | smé. 8sin == . /
: J(l—sm' 6) being cancelled out -
= | 8sin’6.d6 ISSin:@d@ including dé | Al cso
(ii)(a) . .:2 dx ; PR
Way 3 {x =4sin 9:}£=4su126 AsinWay1 | Bl
x=4sin’§=2-2¢0526. 4—x=2+2cos26
4sin26 {d6) Ml
* J2-2cos?2 2—2cos2 2—2cos26 .
_ V2-2c0s26 +2-2cos2 6 ”6{ } _2-2cos26 4sm26{d8}
J J2+2c0s26 2- 2c0s26 \)4 4cos’ 26
[ 2-2cos26 Correct method leading to
= —4 261d6 2(2—2cos26).1d6 - /
J 2sm26 = { } J inenid { } sin2¢ being cancelled out wl
= | 8sin’6.d6 Jsm’ede including d6 | Al cso
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Question 11

I%: :;g:rn Scheme Notes Marks
£=——x xeR,x=20
@) 1 5 Separates variables as shown dxand dr should not
Wav 1 j; dx = | -5 dt be in the wrong positions, though this mark can be | Bl
= v implied by later working. Ignore the integral signs.
Integrates both sides to give either +2 , tamx M1
- .
Inx = e or *k — =i (withrespectto?); k.a=0
Inx = —%t +c. including "+¢" | Al
{t=0,x=60=} n60=c Finds their - and uses correct algebra
3, 60 to achieve x = 60e ~or J=6_3
1n1———t+1n60:> x=60e ? or x= = e’
= e with no incorrect working seen | Al ¢so
[4]
(a) dt 2 J‘ 2 .o df 2 j 2
; —=—— t=|-—d Either —=-— or r=|-—dx | Bl
Way2 |~ 5¢ Sx & 5y Sx
Integrates both sides to give Mi
2 either f=.. or tahhpx.a=0.p>0
t=—=Inx+c -
. t= —:Slnx +c, including "+¢" | Al
{t =0.x=60 :>} c =%1n60 =t= —%l.nx + %‘11160 Finds their cand uses correct algebra
s - to achieve x = 60e = or o 6_3
:——t-lm n60= x=60e > or x=— . . . X
_— e with no incorrect working seen | a1 cso
[4]
@ | [lao[_3 .
Way 3 . xdx = L 3 dr Ignore limits | Bl
Integrates both sides to give either +2 5 tamx M1
T x
[lnx] |-_2 J or *k — =X (withrespectto?); k.a=0
2 3
= 0 .
[nx], = [—Et] including the correct limits | Al
2
< Jo
5 - 60 .
Inx —In60 = ——t —x=60e > or x= = Correct algebra leading to a correct result | Al cso
_— ?
[4]
Substitutes x = 20 into an equation in the form
®) | 20=60eF or 020 = —2¢+1n60 of either Y= 1e™ £ forx= £ 2™ | |
2 or talnSx=+ut =L Or t==Alndx + §:
a. A.ud+0and B canbe0
e 2 In (20) dependent on the previous M mark
T 5 l 60 | Uses correct algebra to achieve an equation of the form of
{= 04394449 (davs)} either t = Aln(£)or Aln(2) or Aln3 or Aln(%) o.e. or a1
Note: 7 must be greater than 0 = A(In20 - In60) or A(In60 —1n20) oe.(de= .1>0)
=1=632.8006... = 633(to the nearest minute) | awrt 633 or 10 hours and awrt 33 minutes | Al cso
Note: dM1 can be implied by 7=awrt 0.44 from no incorrect working.
7
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Scheme Notes Marks
g:—zr, xeR,x=0
dt 2
() 2 Separates variables as shown. drand df should not
Wav 4 J.S_ dx = ‘.[ dr be in the wrong positions, though this mark can be | Bl
= . implied by later working. Ignore the integral signs.
Integrates both sides to give either +o In(px) Mi
2 or =k — *k (withrespecttof); k.a=0; p>0
—In(5x)= -t +c¢ -
gln(ix) = —t +¢. including "+¢" | Al
~
{t=0,x=60=} —In300=c
D : Finds their ¢ and uses correct algebra
2 2 - . =,
éln(Sx)= —r+§1n300 = x=60e - or to achieve x = 60e 2 0r x = 6_3
60 with no incorrect working seen | Al cso
X=-—7
e?‘
[4]
@ [[a__2 _) =j’-idx .
Way 3 Idx Sx J @ S5x Ignore limits | Bl
Integrates both sides to give either =k — = k7
5 * (with respect to ) or +Z 54 aghnx: k,a=0 M1
t= [-ElnxJ X
D 50 ) x
t= [—élnx:l including the correct limits | Al
&0
2 2 5
t=—=Inx+—=In60 = —=f=1Inx—In60
> > 2
=) 60
=>x=60e?’ or x=— Correct algebra leading to a correct result | Al cso
= o
[4]
Question Notes
1 1
(a) Bl | For the correct separation of variables. E.g. Ig dx = J.—; dr
5 b)
Note | B1 can be implied by seeing either Inx = —%t +C or t= -§1nx + ¢ with or without +¢
Note | B1 can also be implied by seeing [Inx], = [—%t]
< Jdo
= 60 . :
Note | Allow Al for x=60ve™ or x=—— with no incorrect working seen
Note | Give final AQ for x=¢ ' +60 — x =60e
Note | Give final A0 for writing x = e > " as their final answer (without seeing x = 60e )
Note | Way 1 to Way 5 do not exhaust all the different methods that candidates can give.
Note | Give BOMOAOAO for writing down x = 60e T Of x = 6_3 with no evidence of working or integration
seen.
(b) Al | You can apply cso for the work only seen in part (b).
Note | Give dM1(Implied) Al for %t = In3 followed by ¢ =awrt 633 from no incorrect working.
Note | Substitutes x =40 into their equation from part (a) is MOdMOAQ

www.naikermaths.com




