Question 1

Question 2

Pure Mathematics 2 Practice Paper M15 MARK SCHEME

Scheme Marks
. . a a. B1

Assume there exists a rational numberz such thatg is the
greatest positive rational number.’

. S M1

Consider a number % +1, which is greater than%
Simplifying gives =2y b_ath Ml
b b b b
a+b. .

But is a rational number
This contradicts the assumption that there exists a greatest B1

positive rational number therefore there is not a greatest
positive rational number.
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Question
Number Scheme Marks
(a) In triangle OCD complete method used to find angle COD so:
2,02_72
Eithercos CEOD = it el oruses ZCOD =2xarcsin320oe  so ZCOD= M1
2x8x8
( LCOD =0.9056(331894))  =0.906 (3sf) * acceptawrt 0006 | AT &
®) . 6 :
Uses s =86 for any € in radians or %x27rx8 for any & in degrees M1
ﬂ. . " COD'I
6= Y (=awrt 1.12) or 26(=awrt 2.24) and Perimeter=23+(16 x6 ) | M1
accept awrt 40.9 (cm) Al (3)
(c) Either Way 1: (Use of Area of two sectors + area of triangle)
Area of triangle = $x8x8xsin0.906 (or 25.1781155 accept awrt 25.2)or -
1x8xTxsinl.118 or x7xh after h calculated from correct Pythagoras or trig.
Area of sector = 1282 x"1.117979732" (or 35.77535142 accept awrt 35.8 ) M1
Total Area = Area of two sectors + area of triangle =awrt 96.7 or 96.8 or 96.9 (cm?) Al
(3)
Or Way 2: (Use of area of semicircle — area of segment)
Area of semi-circle= $x 7x8x8 (or 100.5) M1
Area of segment = %82 x("0.906"-sm"0.906") (or 3.807) Ml
So area required = awrt 96.7 or 96.8 or 96.9 (cm?) Al (3)
8]

Notes
(a) M1: Either use correctly quoted cosine rule — may quote as 7 =8 +8' —2x8x8cosa = a=....

Or split 1sosceles triangle into two right angled triangles and use arcsin or longer methods using Pythagoras

and arcos (ie. 7 —2Xarccos -3—53-5- ). There are many ways of showing this result.

Must conclude that ZCOD =

Al*: (NB this is a given answer) If any errors or over-approximation is seen this 1s A0. It needs correct work leading to

stated answer of 0.906 or awrt 0.906 for Al. The cosine of COD is equal to 79/128 or awrt 0.617. Use of 0.62 (2sf)
does not lead to printed answer. They may give 51.9 in degrees then convert to radians. This is fine.

The minimal solution 7° =8 +8' —2x8x8cosa = @ =.....0.906 (with no errors seen) can have M1A1 but errors
rearranging result in M1AO

8
(b) M1: Uses formula for arc length with » = 8 and any angle 1.e. s = 86 if working inradsors = %xbrxsmdegrees

(If the formmla is quoted with r the 8 may be implied by the value of their 76 )
M1: Uses angles on straight line (or other geometry) to find angle BOC or A0D and uses
Perimeter = 23 + arc lengths BC' and AD (may make a slip — in calculation or miscopying)
Al: correct work leading to awrt 40.9 not 40.8 (do not need to see cm) This answer implies MIM1A1
(c) Way 1: M1: Mark is given for correct statement of area of triangle + x8x8xsin0.906 (must use correct

angle) or for correct answer (awrt 25.2) Accept alternative correct methods using Pythagoras and %2 basexheight
M]1: Mark is given for formula for area of sector +8' x"1.117979732" with r = 8 and their angle BOC or AOD or

6
(BOC + AOD) not COD . Mayuse A=—xxx g if working in degrees
360

Al: Correct work leading to awrt 96.7, 96.8 or 96.9 (This answer implies MIM1A1)
NB. Solution may combine the two sectors for part (b) and (c) and so might use 2x ZBOC rather than ZBOC

Way 2: M1: Mark is given for correct statement of area of semicircle %X %8x8 or for correct answer 100.5

M1: Mark is given for formula for area of segment +8" x ("0.906"-sin"0.906") with =8 or 3.81 Al: As in Way 1
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Question 3
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Question

Number Scheme Marks
@ | 2 —3k+2k? =(x—2k)(x—k) Bl
5 G=5K)x—k) _, (x—3k) _2(x—2k)—(x—5k) -
T x=20(x-k)  (x=2k) (x—2k)
_ x+k "
g Al
3)
®) Applies 7" 1o ,_ 'H":‘; with u =x+kand v=x-2k
V- o ox=-2k
v (x=2k)x1—(x+k)x1
=)= =2k M1, Al
-y =3k
=f'(x)= 2k Al
3)
—Ck M1
(©) Iff'(x)= -2k = f{x) 15 an mcreasing function as f'(x)>0.
f'(x)= (x: B >0for all values of x as —mgmi;:;gaﬁ\ ® — positive Al
2
(8 marks)

(a)

Bl For seeing X =3k + 2k = (x—2k)(x—k) anywhere in the solution
M1 For writing as a single term or two terms with the same denominator
(x—5k) _ 2(x—2k)—(x—5k)

.
Score for =20 =—20)
o (x=SkE)x—k) _ 2x—20)(x—k)—(x—Sk)x—k) R
- (=20)x-k) (x—2k)x—k) X3+ 28
c+k
Al* Proceeds without any errors (including bracketing) to = =
(x—2k)
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(b)
M1

Al

Al

©
Ml

Al

- '—- ' -
Applies XX ~1V o 5= X+ with u=x+kand v=x-2k.
-

x-2k
If the rule 1t 1s stated 1t must be correct. It can be implied by #=x+kand v=x-2k with
their »'v' and = —1”\’
N L. . , x—2k-xtk
If it is neither stated nor implied only accept expressions of the form f'(x) =W
1‘—

The mark can be scored for applying the product rule to y = (x + k)(x - 2k)~' Iftherule it 1s
stated 1t must be correct. It can be implied by # =x+kand v=(x- 21\')'l with their

u'v'and vu'+uv'
If 1t 15 neither stated nor implied only accept expressions of the form
£'(x)=(x-2k)" £(x+k)(x-2k)"

A
(x—2k)?

! . : : dv
Altematively writes y = X+E 2 y=1+ 3% _ and differentiates to e

x-2k x-2k

Any correct form (unsimplified) form of £ '(x) .

(x=2k)x1-(x+k)x1
(x—2k)°

£'(x) = (x—2k)" —(x+k)(x—2k)” by product rule

f'(x)=

by quotient rule

and f'(x)= = by the third method
(x-2k)"
-3k =3k
£1(x)= 3 )=
cao £'(x) G20 Allow f'(%) 2 — a4

As this answer 1s not given candidates you may allow recovery from mussing brackets
Note that this 1s B1 B1 on e pen. We are scoring 1t M1 Al

If in part (b) f'(x) = (Y:C;;)z . look for f(x) 1s an increasing function as f '(x) / gradient > 0
Accept a version that .states as k < 0= —Ck > 0 hence increasing

If in part (b) £'(x) = % . look for f(x) 1s an decreasing function as f'(x)/ gradient< 0
Similarly accept a version that states as k < 0 = (+)Ck < 0 hence decreasing

Must have f'(x) = = :?;;)2 and give a reason that links the gradient with 1ts sign.

There must have been reference to the sign of both numerator and denomunator to justify the
overall positive sign.
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Question 4

Question .
Nk Scheme Marks
L , . 1
(a) (4+5x)* =(4)2 (14—57"]‘ -g(1+5—:J' (4)or2 |BL
- i":i"'-"';"": """"""""""""""""""""""""""""""""" FEemmssmssssnmnes
={2}|: [%)(kxﬁ(')()':)(kr)‘ J see notes | M1 Alft
1)(5x (%)(—%.)(Sx']:
42}[“(5)(?]*—2! OAS
=2 1+£x 2.\’2+ . See notes below!
DA RESS G B R ST
= 2+2x - 21’: isw | Al; Al
__________ e L 2 S
[5]
- [ 3 341
iy 4 301 = 4.=J:= =
(®) {" = (4+5( )) 3 E 7575}
""""""""""""""'""'3' """""""""""""""""""""""""""""""""""""""" L Ll -
_______________________________ 2 e A S E X W00 B
............................................................................................................................. 111
3 5[ 1] 25[’ 1 ]
2 or 1.5¥2 or —=2+ ————— =2.121.
(c) */_ J_ ﬁ 3\10 64110 { } See notes | M1
So, E\E—ﬁ or : =Lf3
277 256 2 256
25 y) 25 s
yields, Jj:ﬁ 2—i6 & & 13 or "—>6etc Al oe
R - SR 81 128 * 256 ° 384 ° 1:3 S I
2
8
Question 1 Notes
1
(a) Bl | (4)? or 2 outside brackets or 2 as candidate’s constant term in their binomial expansion
[ e
M1 Expands( +kx)2 to give any 2 terms out of 3 terms simplified or un-simplified,
1)1 1y_1 A
Eg: l+[ ](b) ( )(kx) Sl )( kx)? or 1+ +—(:)§’3)(kr)‘
TN EEEH S CMTIECCAS WA e TY!‘.‘T.‘.“, B e s
¥
Al | A correct simplified or un-simplified l+( J(kr) (X )(lcr) expansion with consistent (&x).
Note | (Ax). k= L must be consistent (on the RHS, not necessanly on the LHS) in a candidate’s expansion.
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(a) ctd.

Note

Note
Note

Bl

Ml

Note
Note

Note

N (5
Award BIM1AO for ?_l: 1+[%](5x)+( X )(Tx] ] because (Ax) is not consistent.

1y _ 1
Incorrect bracketing: 2 l: 1 4{?)( n ] ( )(‘ 2){7} ] 1is BIM1AO unless recovered.

2+ %x (simplified fractions) orallow 2+125x or 2+ l%x

2 2 >
Accept only —%x‘ or —0.390625x"

If a candidate would otherwise score 2 A0, 3 A0 then allow Special Case 2™ Al for either
SC: 2[1+§x:...jl or SC: 2[ 1+ .- 2x +. } or SC: A[ 1+ St— —Sx’+ ]
8 128 8 128
’ 54 254 ,
or S(:|: A+ ?1 — m\’ +.. i| (where A canbe 1 or omitted). where each term in the [ ..... ]
1s a simplified fraction or a decimal,
50

OR SC: for 2 + %x - mx +... (.e. for not simplifying their correct coefficients.)

- 1IN 2 - =
Candidates who write 2 l+[l][-£}+M[—§-) +... |. where k=—-2— and not 2
2 4 2! 4 4 4

5 25 ,
and achieve 7—21 - ax + ... will get BIM1A1AOA1L

Ignore extra terms beyond the term in x°.
You can ignore subsequent working following a correct answer.

%\5 or 1.5*/5 or k=% or 1.50.e. (Ignore how k=% is found.)
1
Substitutes X = E or 0.1 into their binomial expansion found in part (a) which must contain both

3
an x term and an X~ term (or even an x term) and equates this to either—= J; or their k\/— from (b),
where k 1s a numerical value.

3
M1 can be implied by Sv2 or 1.5V2 or o= =awrt2.121

[ =

M1 can be implied by Ilt[ thetr SLZ) with their k found in part (b).

» 54
M1 cannot be implied by (k)[thelr ,)—Z] with their k found in part (b).

362 343 256

1—81 or any equivalent fraction. eg: ——. Also allow —— or any equivalent fraction.

128 256 384 181

Also allow Al for p=181.¢=128 or p=1811,¢=12841

or p=256.g=18lor p=2564.q=1811,where ie "

You can recover work for part (c) in part (b). You cannot recover part (b) work in part (c).
Candidates are allowed to restart and gain all 2 marks in part (c) from an incorrect part (b).
Award M1 Al for the correct answer from no working.
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(a) Alternative methods for part (a)

Alternative method 1: Candidates can apply an alternative form of the binomial expansion.

{(4+5x)%}—(4) +3)@) 350 B 1’(4) (51

""""" 1

Bl (4)2 or2

M1 | Any two of three (un-simplified) terms correct.
Al | All three (un-simplified) terms correct.

.......................................................................................................................

1
Al | 2+ %x (simplified fractions) orallow 2+125x or 2+ lzx

2 2 3
Al | Accept only —;—Zx‘ or —0.390625x"
[ Note | The terms in C need to be evaluated.
1 11 =1 1

So 2, (4) +3C (4) 2(5x);+ ~C (4) (5\‘) without further working is BOM0OAO.

1
Alternative Method 2: Maclaurin Expansion f(x)=(4+ 5x)?
25 =
£(x)= -"T’(4 +5x) 2 Correct £(x) | B1
L e
1 1 +a(4+5x) I; a=%1 Ml
f'(x)=;(4+5x) B et i I

{ £(0)=2 . £'(0)=2 and £"(0) = _3_5}

.................................................................................
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Question 5

%uui;g:? Scheme Marks
(a) Applies vu'+uv'to (x* —x )™
g'(x) = (x* = x* )x-2e7 + (2x = 3x" )xe™ M1 Al
g'(x)= (213 -5+ 2x)e‘“ Al
3
) Sets (2x -5t +2x)e ™ =02 27 -5xT +2x=0 | M1
x(26 -5x+2)=0= x=(0).7.2 M1 Al
Sub x =~ 2into g(x)=(12 -x*)e™ :)g(lJ=i g(2)=—i4 dM1.A1
2 2] 8 e
Range _% g(x).,s‘_e Al o
(©) Accept g(x) 1s NOT a ONE to ONE function
Accept g(x) 1s a MANY to ONE function B1
Accept g-*(x) would be ONE to MANY (1)
(10 marks)

Note that parts (a) and (b) can be scored together. Eg accept work in part (b) for part (a)

(@
Ml

Uses the product rule vu'+uv'with y = x? - x’and v = ¢

2 or vice versa. If the rule 1s

quoted 1t must be correct. It may be implied by their u =.v=_2"'=_v'=_followed by their
vu'+uv' . If the rule 1s not quoted nor implied only accept expressions of the form

(xz - )x tde™ +(BxCx’ )xe™* condoning bracketing issues
Method 2: multiplies out and uses the product rule on each term of x?e™* — x¥e™*

Condone 1ssues in the signs of the last two terms for the method mark
Uses the product rule for tvw=u"'vw-+uv'w+2vw' applied as in method 1

Method 3:Uses the quotient rule withu = x> - x*and v=¢?*.

If the rule 1s quoted 1t must

be correct. It may be implied by their u =.v=_u'=_v'=_ followed by their w If the

rule 1s not quoted nor implied accept expressions of the form

condoning missing brackets on the numerator and &’

Method 4: Apply implicit differentiation to ye®* = x* - x> = ¥ Y, yx2e* =2x-3x*

v

e (Ax—Bx? ) —(x* —x* )< Ce™

()

on the denomunator.

o

2x”

dx

Condone errors on coefficients and signs
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Al

()
Ml

M1

Al

Al

Al

(©)
Bl

A correct (unsimplified form) of the answer

g'(x)= (x: -x )x-2e'z‘ +(2x-3x7 )x e”* by one use of the product rule

Of g'(x) = x?x-2e™** + 2xe™* — x’ x -2e”** - 3x* x e ** using the first alternative

or g'(x)=2x(1-x)e™ + x?x—1xe™** + x* (1 - x) x —2e~* using the product rule on 3 terms
e (2x-3x ) - (x* —x*)x2e™

()’

Writes g'(x) = (2.7(3 -5x* +2x)e™ . You do not need to see f(x)stated and award even if a

or g'(x)= using the quotient rule.

correct g'(x) 1s followed by an incorrect £(x). If the f(x) 1s not simplified at this stage you
need to see 1t simplified later for this to be awarded.

Note: The last mark in e-pen has been changed froma ‘B” to an A mark

For setting their f(x) =0. The = 0 may be implied by subsequent working.

Allow even if the candidate has failed to reach a 3TC for f(x).

Allow for f(x) > 0 or £(x)< 0 as they can use this to pick out the relevant sections of the
curve

For solving their 3TC = 0 by ANY correct method.

Allow for division of x or factorising out the x followed by factorisation of 3TQ. Check first
and last terms of the 3TQ. Allow for solutions from either f(x)>0o0r f(x)<0

Allow solutions from the cubic equation just appearing from a Graphical Calculator

x = % 2 . Correct answers from a correct g'(x) would mmply all 3 marks so far i (b)

Depehndent upon both previous M’s being scored. For substituting their two (non zero) values
of x mto g(x) to find both y values. Minimal evidence 1s required x=_.= y=_..1s OK.

Accept decimal answers for this mark. g(% ) - sl_e-_-awn 0.046 AND g(2)= _ei‘=awn -0.073

4 1

4?
e 8e

. Condone y > — i4 y< .3

CSO Allow —i'; Range < = s —ifﬁ{ ¥ L
e 8e

e’ Se e Se

Note that the question states hence and part (a) must have been used for all marks. Some
students will just write down the answers for the range from a graphical calculator.

Seeing just —i.‘?},g(x)’f,sl or —0.073 < g(x) < 0.046 special case 100000.
e e
They know what a range 1s!

If the candidate states 'NOT ONE TO ONE’ then accept unless the explicitly link 1t to g-*(x).
So accept ‘It 1s not a one to one function’. “The function 1s not one to one” “g(x) 1s not one to
one’

If the candidate states ‘IT IS MANY TO ONE’ then accept unless the candidate explicitly
links 1t to g~ (x). So accept ‘It 15 a many to one function.” “The function 1s many to one’

“g(x) 1s many to one’

If the candidate states ‘IT IS ONE TO MANY" then accept unless the candidate explicitly
links it to g(x)

Accept an explanation like " one value of x would map/ go to more than one value of y"
Incorrect statements scoring BO would be g-(x) 15 not one to one. ¢-'(x) 1s many to one and
g(x) 1S one to many.
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Question 6

%ﬁgﬁf Scheme Marks
‘ y=2"-5
Shape | Bl
(ai) e s
[ln(?).OYJand(O.—.%) -
0 (h(%).O) T
0 y=-5 | B1
__—-—-/ y=-5
3
b
’ y=|ae* - Shape inc cusp | g1£
\M | |
(aii) [ln(%'),O)and(Oj) Bift
0 s > g3 Bilft
ke 7
3
(h) Xz ln‘%] Bl ft -
(© 2ex‘5=—2=>(-")=h1(%] M1A1
("")=1nl% B1
3
(10 marks)
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@)
Bl

B1

B1

(a)(u1)
Bift

Bilft

Bilft

(b)
Blft

©
M1

Al

B1

For an exponential (growth) shaped curve in any position. For this mark be tolerant on
slips of the pen at either end. See Practice and Qualification for examples.

Intersections with the axes at { in (;) o) and(0,-3)-

Allow 1a ( %) and — 3 bemng marked on the correct axes.

Condone (O,In(

%]]and( —3.0)bemng marked on the x and y axes respectively.

Do not allow (ln(g ),O)appearing as awrt (0.92. 0) for this mark unless seen

elsewhere. Allow if seen 1n body of script. If they are given in the body of the script
and differently on the curve (save for the decimal equivalent) then the ones on the
curve take precedence.

Equation of the asymptote given as y = —5 . Note that the curve must appear to have
an asymptote at y = —5 . not necessarily drawn. It is not enough to have -5 marked on
the axis or indeed x =—5. An extra asymptote with an equation gets B0

For either the correct shape or a reflection of their curve from (a)(1) in the x- axis.
For this to be scored it must have appeared both above and below the x - axis. The
shape must be correct including the cusp. The curve to the lhs of the cusp must appear
to have the correct curvature

Score for both mntersections or follow through on both the intersections given in part
(a)(1). including decimals. as long as the curve appeared both above and below the x
- axis. See part (a) for acceptable forms

Score for an asymptote of y =5 or follow through on an asymptote of y = - from
part (a)(1). Note that the curve must appear to have an asymptote at y = ¢ but do not
penalise 1f the first mark in (a)(11) has been withheld for incorrect curvature on the lhs.

Score for x > 1n [ %] . x =awrt 0.92 or follow through on the x intersection in part (a)

Accept 2" —5=-20r —2e"+5=2 =x=_In(.)

. 2
Allow squanng so (Zex —5) =4>e"=_and.. = x=1In(..).In(..)

x=1n[g] or exact equivalents such as x =1In1.5. You do not need to see the x.
Remember to 1sw a subsequent decimal answer 0.405
x=ln[g] or exact equivalents such as x =1In3.5. You do not need to see the x.
Remember to 1sw a subsequent decimal answer 1.25

If both answers are given in decimals and there i1s no working x = awrt 1.25, 0.405
award SC 100

www.naikermaths.com



Question 7

%‘:::%2? Scheme Marks
@ |p=4x*or ('.27()2 B1
4y
, BN R . A o
() x=(4y—sn2y) ﬁ;=2(4_v—s:n2}-')(4—2c052y_) MI1A1
s de i .
Sub y== o o =2(4y—sin2y)(4—2cos2y)
L =754) 1 =1 —oo03 M1
dv ‘ dc 24z’
= X 1 2
Equation of tangent y_?.:m(_x—-t,r ) M1
Usmg ,_x_ 1 (x— 4x?) with x=0= y=Z cso M1 Al
2 24x\ / 3 ‘
©)
(7 marks)
Altl(b) x=(4y-siny )2 = x%7 = 4y —sinly
dx MI1A1
=05 —4-2c0s 2y
J'
Alt (b) _ kS PR RO §
I x-(l6_1 8ysm2y+sin”2) )
= l=32}'%—85in2y%—l6}fcos'_’y%+ 4sin 2ycos 2}'% MI1A1
Or 1dx=32ydy-8sin2ydy—16ycos2ydy+4sin2ycos2ydy

(a)
Bl p=4x® orexactequivalent (27)
Also allow x = 4x*

(b)

www.naikermaths.com



©

M1

Al

Ml

M1

M1l

Al

Uses the chain rule of differentiation to get a form _
A(4y-sin2y)(B£Ccos2y)., A.B.C =0 ontheright hand side
Altematively attempts to expand and then differentiate using product rule and chain rule to a

fo,mx=(16_;3 —8ysin2y+sin?2y! :>%=}§fiQsin2yiRi*oos.2yiSsin2yoos2y PORS=0

A second method 1s to take the square' root first. To score the method look for a differentiated

expression of the form P00 —4- Qcos2y

A third method 1s to multiply out and use implicit differentiation. Look for the correct terms.

condoning errors on just the constants.

dx ., : \ dy 1 . :

—=7(4v-sm?1v')(4—’cos7v) or Z- with both sides
dv  2(4y-sin2y)(4—2cos2y)

correct. The lhs may be seen elsewhere if clearly linked to the rhs.

dx . .
In the altemative I =32y—-8smn2y—16ycos2y+4sm2ycos2y

Sub y =—mto their aor m\erted — -. Evidence could be minimal. eg y =%

%l&‘

It 1s not dependent upon the previous M1 but it must be a changed x=(4y -sin2y )

2y
Score for a correct method for finding the equation of the tangent at ('4)2‘ 7) )

%: _ 1. - (x—their 47°)

Allow for V—

Allow for [ y—g]xtheir mumenical (%

=(x—their 47"

T 1
Even allow for V —5 = (x —P,)
thetr mumenical (d" (h)

2 T .
It 1s possible to score this by stating the equation y = %1 +¢ as long as ( 4T ',;) 1s used

1 a subsequent line.
Score for wniting their equation in the form y=mx+c¢ and stating the value of 'c'
Or setting x =0 in their y—Z = 1 (x— 4x*) and solving for .

27 24x

Altematively using the gradient of the line segment 4P = gradient of tangent.

T_,

L -t 1
Look for e
At this stage all of the constants must be numerical. It 1s not dependent and 1t 1s possible to

score this using the "mcorrect” gradient.

=
CSO y = 3 . You do not have to see(O 3)

= y =.. Such a method scores the previous M mark as well.
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Question 8

Simestion. Scheme Marks
Number
y=4dx—xe’, x=0
(a) [}-‘=0:4x—xe%’=0:x(4—e‘=")=0 :}
Attempts to solve e =4 giving X=_..
1r , Ml
EsiSEatmE in terms of +Alny where 4> 0
41n2 cao (Ignore x=0)| Al
.............................................................................................................. N S 4
1 L
1 ! axe? —,Bfe2 {d}.@>0.8>0 [ M1
® | {[rerar]= e - 27 far) NSt 8, o Lol el -
2xe? — J.Qeix {dx} with or without dx ‘&}um)
[ [V
= 2xe? —4e? {+ C} 2xe? —4e? o.e. with or without +¢ | Al
......................................................................................................................... 31,
(©) U‘hdx } = 2 4x > 2x% or —- oe [ Bl
[ s e [ 1 L a2 or al6 ot i
]I (4x — xe¥ )dx ;= le' —l2xe- — 4e? J_L
- ° .
I A Yoy Yn) (o e T
- (2(41n2)" - 24m2)eT Y £ 4eT )= 20 - 2(0)e?” + 427 See notes | M1
= (32(102)* - 32(1n2) + 16) - (4)
=32 -NMN+12 32002) - 32(02)+ 12, see notes | Al
3]
8
Question Notes
(a) M1 | Attempts to solve e =4 giving X=... interms of ilnu where u >0
Al 4In2 cao stated in part (a) only (Ignore x=0)
N
(b) B gT Part (b) appears as MIMI1A1l on ePEN, but is now marked as MIAIAL
1 o 1
M1 | Integration by parts is applied in the form @xe? — B ' e? {dr} . where >0, £>0.
(must be in this form) with or without dx
1 1
Al 2xe? — I 2e? {da} or equivalent. with or without dx. Can be un-simplified.
L L
Al 2xe? —4e? orequivalent with or without = ¢. Can be un-simplified.
1 1
Note | you can also allow 2e? (x—2) or e (2x—4) for the final Al.
isw | You can ignore subsequent working following on from a correct solution.
SC SPECIAL CASE: A candidate who uses ¥ =X . = e . writes down the correct “by parts”
formula, but makes only one error when applying it can be awarded Special Case M1.
(Applying their v counts for one consistent error.)
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(c) Bl

Note

Al

Note
Note
Note

Note
Note

Note

.. Note

Y

..Note

Complete method of applying limits of their X, and 0 to all terms of an expression of the form
1 L
+Ax" + Bre? + Ce? (where 4=0, B=0 and C =0) and subtracting the correct way round.
Evidence of a proper consideration of the limit of 0 is needed for M1.
So subtracting 0 1s MO.
A correct three term exact quadratic expression in In2.
For example allow for Al

o 32(In2)’ -32(n2)+12
o $(2In2)’ - 8(4In2)+12
e 2(4In2)’ -32(In2)+12

Lam)

o 242 -20@m2)eT 412

. wem2) o)
Note that the constant term of 12 needs to be combined from 4e* -

4e*  oe.

Also allow 32In2(In2 - 1)+ 12 or 32]112[1n2_1+ =

! 322,
Do not apply “ignore subsequent working” for incorrect simplification.
Eg: 32(In2)* -32(In2)+12 —» 64(In2)-32(In2)+12 or 32(In4)-32(In2)+12
Bracketing error: 32 n2? - 32(In2)+ 12. unless recovered is final AQ.
Notation: Allow 32(In*2)— 32(In2)+ 12 for the final Al
5.19378... without seeing 32(In2)’ — 32(In2)+ 12 is AO.
- ( lx -lx \
5.19378... following from a correct 2x~ — Lh‘e: —4e? J is M1AO.

)forAl.
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Question 9

Question 2
Number Scheme Marks
| Note: You can markparts (a) and (b) together. |
(a) x=4t+3, y=4t+8+—
£= ’ £=4—2f-2 Both£= or£=l and g:;‘-iﬁ B1
| e dt PSRN | SUSSR de 4 dt 2
5 2
@ _ 4_5t _ _§ -2 _ _i Candidate’s —} divided by a candidate’s g | M1
So. —= =1 = =1 - ¢ dr | o.e
_______ e TR SR, RRREL. 3 TSR 0y P NIRRT [N
) )
{Whent=2 d—‘=——7 ;7 or 0.84375 cao | Al
..................... Y- RO S
[3]
Way 2: Cartesian Method
dy
—=1- —. simplified or un-simplifed. | B1
& .10 R :
== —F e e e
(x-3) d1=i-/ii— = =, A=0,u=0 | M1
dx (x=3)
) 9
{When =2 wr=11}di=“—7 27 or 0.84375 cao | A1
____________________________ de 32 A
[3]
| Way 3: Cartesian Method ]
g=(2x+2)(x—3)—(f ) Correct expression forﬂ, simplified or un-simplified. | Bl
dx B3, o ieseieresmbesieesmoisimesenl . PO N RPN
_x2—6x—1 dy _ f'(x)(x—S):lf(x) ,
(x-3) dx (x-3) M1
U . where £(x) = their " + ax+ 5", g(x) =x-3 |
dy 27 27
I A —_—— — or 084375 cao | Al
R nintacsintad ISt S - Soihstuiitind Mdil
[3]
{r £ :% y 4(I_3}+8+ : El
= ¥ = 7 iminates f to achieve
®) g ? 4 2lr—-3] an equation in only x and y i
y=x-3+8+ o
SO OE. Sort Ao OURURUROTITY N
3-=(x'3)(x‘3)+§(x‘3)”° or Y(x-3)=(x—3Xx—-3)+8(x—3)+10
x_
S t dM1
(x +5)(x-3)+10 (x+5Xx=3) 10 =€ notes
or y= or y= -
S -3 X3 X
_ Cortrect algebra leading to
S y=2FE0 i dadb=-5) x}+2x-5 Al
R D = B y=——n—— or a=2and b=-5
x - cso
[3]
6
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SO,
%

ey Scheme Marks
(b) Alternative Method 1 of Equating Coefficients
W v (N y(x-3)=x"+ax+b
x-3
y(x-3)=(4t+3)" + 2(4t+3) -5 = 16* +32t+10
| X raeb=(3f ra@e+)+d ]
- » Correct method of obtaining an
- — o 2 =
e A e equation in only f.aand b | M1
¢ 24+4a=32 =a=2 Equates their coefficients in f and M1
- 0+3a+b=10 b=—5 findsboth g=.. and b= | "
constant: 9+3a+b=10 =b=-35 a=2and b=-5] A1
[3]
(b) [ Alternative Method 2 of Equating Coefficients . . ..
x-3 ] x-3 5
t=—— > y=4 +8+— Eliminates 7 to achieve
4 4 5 X3 o i M1
J o an equation in only x and y
y=x-3+8+ = o> y=x+5+ 9
x-3 (x=3)
Y(x-3)=(x+5)(x-3)+10 => X*+ax+b=(x+5)(x-3)+ 10 dM1

Correct algebra leading to

3 x2+2x-5 or equating coefficients to 5
=>¥=""_3 give a=2and b=-5 y=2 172 o a=2andb=-5|Al
x-3 cso
[3]
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Question Notes
d 4 5 2 4 o -5 ! 2
@ | Bl | E_gama ¥yl o ¥ Y 4 50520, et
dt dr 2 dr 2 dr
Note — canbe simplified or un-simplified.
.. Note_ | You can imply the Bl mark by later working.
. , dy . . odx dy . . . odr
Ml Candidate’s — divided by a candidate’s — or — multiplied by a candidate’s —
dt dt dt dx
Note M1 can be also be obtained by substituting 7 =2 into both their % and their % and then
| ..........| diiding their values the correct wayround.
2
Al i or 0.84375 cao
32
(6) [...M1 | Eliminatesttoachieveanequationinonlyxandy. .
dM1 dependent on the first method mark being awarded.
Either: (ignoring sign slips or constant slips, noting that k can be 1)
e Combining all three parts of their X — 3 + 8+ ( 03) to form a single fraction with a
— X—3,
common denominator of £A(X—3). Accept three separate fractions with the same
denominator.
o5 ’ & 10 L . x-3
¢ Combining both parts of their x + 5 + 3 . (where x +5 is their 4 T + 8).
S X =3, - .
to form a single fraction with a common denominator of ZK(X—3). Accept two separate
fractions with the same denominator. A
¢ Multiplies both sides of their y=x -3 + 8+ [ 103) or their y=x+5 + ( 103] by
— X =23, aE— X -
k(x—3). Note that all terms in their equation must be multiplied by =k(x —3).
.. Note | Condone “invisible” brackets fordM1.
“+2x-5 .
Al Correct algebra with no incorrect working leading to y = : 3 or a=2and b=-5
" "Note | Some examples for the award of dM1in (b): T
x-3)(x-3)+8+10
dMOfor y=x-3+8+ — y=( Yx—3)+8+ . Should be ...+8(x-3)+...
x-3 x-3
10 x-3)(x-3)+10
aMO for y=x-3+ — P . - )10 - ye <8 part has been omitted.
X- X-
e XS s D g R IEIEM o el e gy
i x-3 : x-3
10 i
dMO0 for y=x+5+ -3 = y(x-3)=x(x-3) +5(x-3)+ 10(x-3). Should be just 10.
x -
10 x*+2x-5
Note y=x+5+ r— > y= ; 3 with no intermediate working is dM1A1.
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Question 10

Suu:::::l Scheme Marks
3
@ A=J' G-x)(x+1) dx , x=1+2sin6
......... L e L R L S T S S S S A ST
dx
dx — = 2c0s6 or 2cos6 used correctly
—=2cos8 de Bl
da .................................................................. in their working. Canbeimplied | .
{IJ(3—x)(x+l) dx or lJ(3+2x-x2) dx }
[ ——— — L A Substitutes for both x and dx, |
= 3-(1+2sm8))((1+2sinf) +1) 2cosé {d& ’
_____ N((){}whefedﬁfdﬁlsnmd" -
= J',j(z- 25in6)(2 + 2siné) 2cosé {d6}
- J',f(4— 4sin’ 6) 2cos6 {d6)
= IJ(V-‘#— 4(1-cos*8 2cos€{d€} or J.J4c0539 2cos€{d9} Appliescos'§=1-sin" & M1
e e e i m e S e e i o i i seemotes |
_ 4[&529(’& {k=4} 4J cos 6dé or J.4cos‘49d6 Al
... Note: df is required here. |
0=1+2sin6 or —1=2siné or sinf=-— = =-=
2 6
See notes | Bl
and 3=1+2siné or 2=2siné or sinf=1= a=’—j
, ~ 1+ cos26) Applies cos26 = 2cos” 6-1
® { [ os 9{d9}} - ([ (222) ae) 0= 2w 01 |
B 1 Integrates to give taf £ fsin26, a=0. =0 |\
- Geem) e aos pinap) | thmares
{So 4I cos’6d6= [26+ smze]‘;}
T 27\ (Af 2T
(o5l F))- (o5 sul 5 )
2 2) 6 6
=(x)- —”—\E. 4r B ﬁ+£ or
- 3 2) 3 2 3.3 Al
' 1/ cao cso
[3]
8
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Question Notes

(a) Bl
Note
M1

Note
Note

Note

M1

Al

Note
Note

Note

Note

®) | NOTE
M1

Note
Note

Note

% =2cos8. Also allow dv=2cosfd6. This mark can be implied by later working.
You can give Bl for 2¢os & used correctly in their working.
Substitutes x =1+ 2sin& and their dx [from theirma:ranged%] into J(3-x)(x+l) dx.

Condone bracketing errors here.
dr = Ad6. For example dx =d6.

dx
Condone substituting dx = c0s & for the 1¥ M1 after a correct S 2cos@ or dx=2cosfdé

Applies either
e 1-sin’f=cos’8
e - Asin’@ or A(1-sin’6)=Acos’ @
o 4-4sin0 =4+2c0s26-2 = 2+2c0528 = 4cos° 8

Correctly proves that J.J(3—x)(x+l) dx isequalto 4 [ cos?6d6 or J.4COS2 edé

All three previous marks must have been awarded before Al can be awarded.
Their final answer must include dé&.

Evidence of a correct equation in siné or sin™ & for both x-values leading to both § values. Eg:

e 0=1+2sinf or —1=2siné or Sin9=—% which then leads to 49=—%, and
o 3=1+2siné or 2=2siné or sind=1 which then leads to 9=§
. ITA . /7:
Allow BI1 for x=1+2sm[—g)=0 and x=l+28m(;)=3
Allow B1 for sin9=(%) or 9=sin"[xT_l] followed by x=0, 9=_%; x=3, 9=%

Writes down a correct equation involving cos26 and cos” 6

. 2 2 2 ' 26
Eg: cos26=2cos"6f-1or cos‘¢9=M or Acos 6 = Z(WJ

and applies it to their integral. Note: Allow M1 for a correctly stated formula (via an

A correct solution in part (b) leading to a “two term™ exact answer.

4r 3 st 3 1/
Eg:T+T or ?4—7 or 3(87r+3\/§)

5.054815... from no working 1s MOMOAO.

Candidates can work in terms of k (note that & is not given in (a)) for the M1M1 marks in part (b).
Y

If they incorrectly obtain 4j cos” #d6 in part (a) (or guess k=4) then the final A1 is available

-z
[

for a correct solution in part (b) only.
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Question 11

Question
Number

Scheme

Marks

(@

®)

1 o sin24
cos2A4 N cos2A4
_1+sin24
T cos2A4
_1+2sindcos4d
" cos’ A—sin® 4

sec2A+tan24 =

o cos” A+sin® A+2sin Acos A
B cos® A—sin® A

_ (cos A+sin A)(cos A+sin A)
" (cos A+sin A)(cos A—sin A)

cosA+sin 4

T cosA—sin A

cosf +siné _ 1
)

1
sec26 + tan 26 =:=>

= 2co0sf8+2s1nf =cosf —smnf

1
> tanf = ——
= 3

= 6 = awrt 2.820,5.961

B1
M1

M1

M1

Al*

M1 Al

dM1A1
@

(9 marks)

(@)

Bl A correct identity for sec24 =

It need not be in the proof and it could be implied by the sight of sec24 =

For setting their expression as a single fraction. The denomunator must be correct for their

Ml

in 9
1 OR tan24= sin24 .
cos24 cos24

fractions and at least two terms on the numerator.

This 1s usually scored for 1
M1 For getting an expression in just sin 4 and cos 4 by using the double angle identities

+cos2A4tan24 1+sin24
or

cos2A4 cos2A4

. . B 9
sin24=2sin 4cos 4 and B24=008" A—N" A, 2cos? A1 OF 1-2:in’ 4.
Altematively for getting an expression 1n just sin 4 and cos 4 by using the double angle

For example _

- - - - 9 i - f
identities sn24=2smAdcos4 and tan24=—""" - j . with tan 4 = —— : .
COS 4

—tan” .
2sin 4

1 . cos4 15 BIMOMI so far

cos’ A—sin® 4 q_sin’.

cos” A

1

cos’ A—sin® 4

M1 Inthe main scheme it 1s for replacing 1 by cos® 4 +sin” 4 and factorising both numerator and

denominator
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Al* Cancelling to produce given answer with no errors.
Allow a consistent use of another variable such as 8. but mixing up vanables will lose the
Al*

(b)
M1 For using part (a). cross multiplying, dividing by cosé toreach tanf =%

Condone tan28 =k for this mark only
Al tang= _%

dM1 Scored for tanf =k leading to at least one value (with 1 dp accuracy) for & between 0
and 27. You may have to use a calculator to check. Allow answers in degrees for this mark.
Al 6 = awrt 2.820. 5.961 with no extra solutions within the range. Condone 2.82 for 2.820.

You may condone different/ mixed vanables in part (b)

There are some long winded methods. Eg. M1. dM1 applied as in mamn scheme

= (2cosf +2sinf ' —(cos@—sinf) = 4+45in20 =1—sin28
(

- 5in20 = -% is M1 ( forsin20 =k) Al

arcsin k

= 6 =2.820,5.961for dM1 (forg = ) Al

, 3 1
cosf+3sinf=0= (Jl_O)cos(0—1.25)=0 M1 for..cos(O—a)=0,a=arctan[:i:T or :i:EJ) Al

= 6 =2820,5961 dM1Al

c059+3sin9=0=*~( ) (6+0. 37 =0 Ml Al
= 6 =22820.5.961 dM1 Al

cosf =—3sinf = cos’ § =9sin’ 6 = sin” 0=1—=>sm6 \/7 M1 Al

820.5.961 dM1 Al

cosf =—3sinf = cos’ 8 =9sin’ # = cos’ 0=1—=>c050 ( M1 A1l

820.5.961 dM1 Al
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%}’uz%g? Scheme Marks
AKI cosA+sinAd _cos.~1-:-sin.4xcos.-!+sin.4
° cosdA—sind  cosA—sind cosA-+sinA
From cos” A+sin” A+2sin Acos A
RHS = 5 — | (Pythagoras) M1
_1+sin24 (Double Angle) M1
" cos24 4"///-
1 sin2 A4
= i Single F M1
cos2A4 i cos2A4 (Single Paction)
=sec24A+tan24 Bl (dearity), A1*
AMII Assume true sec24 +tan24 = M
cosA—sin 4
Both 1 sin24 cosA-+sinAd
. + = B1 (identity
sides cos24 cos24 cosA—sinA (idensiy)
1+sin24 cosA-+sinAd R i sk
= on,
cos2A4 cosA—sin 4
1+2sindcosd cosd+sind B it
P 9 p— S,
cos’ A—sin*4  cosAd—sin 4
.
x(cosA—sind)= M =cosAd+sin A4
cosA+sind
1+2sin Acos A= cos’ A+ 2sin Acos A+sin° A=1+2sin Acos A True | M1@yhagorss)A1*
Alt111 sec24 +tan24 = —+tan24 (dentiy) Bl
cos24
_ 1 2tan A
" cos24 1—tan’ 4
Very 1—tan® 4+42tan Acos24 AL
el = = (Single faction) ]
difficult cos2A4(1—tan" 4)
.0 —tan® A+ 2tan A(cos” 4 —sin” 4)
(cos® A—sin® 4)(1—tan” 4)
sin? 4 smA (Double Angle and in
1-— (cos A—sin® 4) | justsinand cos) M1
— cos’ 4 cos
> o & sin® 4
(cos” A—sin” A)|1———
cos” A
. cos” A—sin® 4+2sin Acos A(cos” 4—sin” 4)
xcos A= ~ — o = o
(cos® A—sin” A)(cos™ A—sin” A)
(cos A)&/A)‘)(] +2sin Acos A)
(cos® A—sm®d)(cos® A—sin® 4)
Final two marks as in main scheme MI1AL*
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Question 12

Sﬁ:::‘ Scheme Marks
2 A B
@ |-y~ 27 P2
2EACPDIBE e 2800 implied, [ M1
A B e e EDET ORE. | Al
1 1
gving P-2) = ? See notes. cao, aef | Al
(3
dP 1
—=—P(P-2)cos2t
R et N
2 4
= | cos2t dt impli ; rorki
P(P-2) can be implied by later working | B1 oe
+Aln(P-2)+ ulnP, M1
In (P- 2)—lnP=%sin2r ) T S A£0.u20] ...
- In(P- 2)—lnP=;sin2t‘ Al
{t=0.P=3 :} Inl-mm3=0+c¢ {: ¢=-1n3 or ln(—;)} See notes | M1
In(P-2)-lnP= %sin2t —1n3
, oy
ln(—g'(}7 ")) = lsinll
P 2
Starting from an equation of the form |
TAln(P- f)x ulnP = £ Ksindt + c.
3P-2) _ R A . B.K.6 =0, applies a fully correct method to M1
P eliminate their logarithms.
Must have a constant of integration that need
not be evaluated (seenote) |
(P-2) = Pei=Y 3D _6 = Pera¥ A complete method of rearranging to
i e make P the subject. aM1
gives 3P-Pe™ =6 = P(3-¢")=6 Must have a constant of integration
6 s that need not be evaluated (seenote) |
N (3 - e™2¥) Correct proof. | Al * cso
........................................................................................................................ (7.
(c) {population = 4000 =} P=4 States P =4 or appliesP=4 | M1
) 34-2) 3 Obtains = 2sin2f =Ink or *Asinf =Ink,
;si.n?.t = ]n(T') {= ln(; ]} A0, k>0where ]and k are numerical | M1
PR L, p A R valuesand A canbel |
¢ = 04728700467 anything that rounds t.o 0473 &
...................................................................................... Donotapply iswhere |
(3]
13
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S meaton. Scheme Marks
Number
Method2 forQ7(b)
1. R
(b) In(P-2)-lP= Ssin 2t (+¢) As before for... | BIMIAL
p_g ........ 1 ...............................................................................
ln(( )] =—sin2f+c¢
P 2
Starting from an equation of the form
*Aln(P- B)£ ulnP =+ Ksindt + .
(P-2) o edmree o (P-2) o geimX /{,,u,,B,K.5¢Q, .applies a fully Cf)nect 3 N
P P method to eliminate their logarithms.
Must have a constant of integration
................................................................. that need not be evaluated (see note) |
Lain2e Lim2e A complete method of rearranging to
P-12) = APe P—APes =2
B el O T S e 0 ---- make P the subject. Condone sign
taxy 2 slips or constant errors. Must have a | 4% dM1
= P(1-4e* 7)=2 = P= (1- 4% constant of integration that need
............................................................................. not be evaluated (seemote) |
2 See notes
{’ =0,P=3 :} 3= Ia). (Allocate this mark as the | 2% M1
______________________________ (A-d4e” ")  ™MimarkonePEN).| .
| 1 %
= 3= = A=—
{ __________ oot N 3 ]
= P e i P = 1o *
tl le.ga.g:,] (3 - ™) Correct proof. [ Al = cso
.3
Question Notes
(a) M1 | Forming a correct identity. For example, 2= A(P—-2) + BP from —B = 4 + <
B ' P(P-2) P (P-2)
Note | 4 and B are not referred to in question.
Al Eitheroneof A=—-1o0or B=1.
Al 3 _ 2 - % or any equivalent form This answer cannot be recovered from part (b).
Note | M1A1A1 can also be given for a candidate who finds both 4 =—1 and B =1 and % + PB 2
is seen in their working.
1
Note | Candidates can use ‘cover-up’ rule to write down F-2) - ; , S0 as to gain all three marks.
Note | Equating coefficients from 2= A(P-2)+ BP gives A+B=2,-24=2=>4=-1, B=1
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Bl Separates variables as shown on the Mark Scheme. dPand dt should be in the correct positions.
though this mark can be implied by later working. Ignore the integral signs.
2 1 1
y . = 2 —_— == 2
Note | Eg: JP:—?.P dP Jcos-t df or J‘P(P—Z) dP 2Jcos..t df o.e. are also fine for B1.

"IM1 | AIn(P-2)+ ulnP. A=0. u=0. Alsoallow £Aln(M(P—2)) % uInNP: M.N canbe 1.
Note | Condone 2In(P-2)+2InP or 2In(P(P-2)) or 2In(P*-2P) or In(P*-2P)

1% Al | Correct result of In(P-2)-InP= %Sin.-’lt or 2In(P-2)-2InP=sin2¢

o.e. with or without +¢
2% M1 | Some evidence of using both =0 and P =3 in an integrated equation containing a constant of

e Y D M N sy s e cccccccccccccccccecccmeccesecceceemceeem—e e e—————————————

"3M1 | Starting from an equation of the form +Aln(P- f) + ulnP =+ Ksindt + c. A u.B.K.5%0.
applies a fully correct method to eliminate their logarithms.

4B M1 | dependent on the third method mark being awarded.

A complete method of rearranging to make P the subject. Condone sign slips or constant errors.
Note | For the 3™ M1 and 4% M1 marks. a candidate needs to have included a constant of integration,

— . -2 EERY
Note ln[ (PP )) = %sm2r+ ¢ followed by i = 2 _ el +e°is 3¥MO0. 42 Mo, 2% AQ.
(P-2 2 g -2 2
Note 'n( (de)] - %Sinlrw 5 P-2) _ garee  (P-2) el +¢° is final MIMOAO

4% M1 for making P the subject
Note there are three type of manipulations here which are considered acceptable for making

P the subject.
(P-2)  ia Fy Fny L2
(1) M1 for T=e~ =>3(P-2) = Pe""" >3P-6 = P& " > P3-e"")=6

-2 in2r am2s Lsm2r
(2) M1 for M=e§m’:3—£=e% =3-¢ =£::>P— i
P P P

(3) M1 for {m(P- 2)+lP= %sin2r +In3 :} P(P-2)= 3" = P _ 2P =3

= (P-1)* -1= 3" leading to P=..

M1 | States P=4 or appliesP=4
M1 Obtains = Asin2f =Ink or + Asinf = Ink. where 4 and k are numerical values and 4canbe 1
Al | anything that rounds to 0.473. (Do not apply isw here)

____________________________________________________________________________________

" Note | Useof Degrees: f=awrt 27.1 will usually imply M1M1A0
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