Finding Areas using Integration

Finding Areas using Integration 2 - Edexcel Past Exam Questions MARK SCHEME

Question 1
Question Sch Mark
Number e G
+ 2 3 2 3 1
@ | x'ln2xdx=§x-ln2x—f§x' x—dx M1 Al
3 Lae XKy
==x"In2x- | =x7dx
3 3
D5 4
==x"In2x-—x% (+C) MIAL (4)
3 Y
25 -0 I T 4 Y f2 4
(b) |=x"In2x——x*| =|=4In8——4 |-|=In2——| M1
[3 9 ]l 3 * 3 o) [
=(16ln2- _)- .. Using or implying In2" =nln2 M1
46 28
e 2 i P 2D Al 3
3 0 )
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Finding Areas using Integration

Question 2

Question

Number Scheme ‘ Marks ‘

1
x? or E=2(u—1) B1
du

du
&
Iﬂ ...... Mi
U x dx:} I(u_l).2(u—l) du u
u

IM 2u-1) | Al
u

_» j‘ (u-1)° du ={2) J' (0’ = 3u® +3u-1) du Expands to give a “four term” cubic in u.
u u

Eg: +Au'+Bu’ +Cu+D | M
= {2 | w?-3u+3- 1 du An attempt to divifie at l.east three terms in M1
u their cubic by u. See notes.
3 2 3 3 2
= {2} LA N W @1 (w3 sy inu Al
32 u 32

s ’
Area(R) = [% —3u + 6u—21nu]

2

23y’ . 202)° Applies limits of 3 and 2 in
= [—3 -3@3)° +6(3)—21n3] - [—3 -3(2)° +6(2)—21n2) uor4andlinxand | Ml
subtracts either way round.

0 2 -2m3 or Ui 21,,(3) or L_ m(g), et Correct exact answer | , |
3 3 3 3 4 or equivalent.

8]
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Finding Areas using Integration
Question 3
Shoer Mark
1 1
1 1 1 -t ——
{I(Me_;’ +3) dt}: e —I—lze‘?{dx} tAte” +B[e ¥ {d}, 420,820 | Ml
See notes. | Al
+ 3t 353t Bl
L L, L L
= —12te ¥ —36e * {+ 31} -12te ¥ -36e * | Al

1, L ¥
[—12te 3 —-36e * + 3t:| =
0
Substitutes limits of 8 and
0 into an integrated
function of the form of

Lg L Lo Lo L o
=(—12(8)e ¥ —=36e? +3(8)J—(—12(0)e ¥=36e° +3(0) either +Ate * + e * or | gM1
1 L
+ite * +pue ? + Bt and

subtracts the correct way
round.

8 8
= (—96e_3 -36e * + 24] -(0-36+0)

| oe
w o

=60 -132¢ 60— 132¢ * | Al

(6]
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Question 4

gr;:::l Scheme Marks
y=dx—xe’, x=0
(a) {y=0:>4x—xe§’=0:>x(4—e%’)=0 :}
Attempts to solve e =4 giving X =_.. Ml
Lx
£ =ty ~ms ] in terms of +Alny where x>0
41n2 cao (Ignore x=0)|Al
"""""""""""""""""""""""""""""""""""""""" 1"""""""'""""""""""'"‘\ IIIIIIII-ILzl]I
i 1 1 are?—ﬂlelx{dx},a>0,ﬂ>0 M1
(b) Uxe='dx}= 2xe? —"'2e2 {d:(} """"" T S S (XU CEIETLE
2xe? -J.QeEx {(h} with or without dx ‘&ll“m)
B T G l, ....... l, ............................................
= 2xe! —4e? {+ C} 2xe? —4e? o.e. with or without +¢ | Al
......................................................................................................................... 131.
(c) [I41'd1'}= 2 4x - 2x% or 4; oe. | Bl
e [ L L \-I-un:«mscmm """"""
“‘ (4x — xe )dx}= [ZY'—tZXez — de? J
0
Y et Yy  Yua) {. . . w e [T
= l2(4ln2)‘ -2(4In2)e* "+ 4e? J - t 2(0)" = 2(0)e? "+ 4e? J See notes | M1
- (32@2) - 320 +16)-(4) |7
=R -+ 32002) = 3202)+ 12, see notes | Al
3]
8

Question Notes

() M1 | Attempts to solve €* =4 giving X=... interms of +1lnyu where i >0
Al | 4In2 cao stated in part (a) only (Ignore x=0 )
N
(b) . gT Part (b) appears as MIMI1A1L on ePEN, but is now marked as M1AIAL

1 e L
M1 | Integration by parts is applied in the form axe? - 8 | e? {dr} . where >0, £>0.
(must be in this form) with or without dx
1 1
Al 2xel — I 2T {dx} or equivalent. with or without dx. Can be un-simplified.

1 1
Al 2xe? —4e? orequivalent with or without = ¢. Can be un-simplified.

1 1
Note | You can also allow 2e? (x—2) or e (2x—4) for the final Al.

isw | You can ignore subsequent working following on from a correct solution.

1
] -
2x

SC SPECIAL CASE: A candidate who uses u=1Xx. % =e? , writes down the correct “by parts™

formula, but makes only one error when applying it can be awarded Special Case M1.
(Applying their v counts for one consistent error.)
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Finding Areas using Integration

(©)

Note

Note

Note

Note
Note
Note

Py

S 4 -
4x — 2x" or — oe
'Complete method of applying limits of their X, and 0 to all terms of an expression of the form
1 L
+Ax" + Bre? + Ce? (where 4=0, B=0 and C =0) and subtracting the correct way round.

Evidence of a proper consideration of the limit of 0 is needed for M1.
So subtracting 0 1s MO.

A correct three term exact quadratic expression in In2.
For example allow for Al

o 32(n2)' -32(n2)+12
*  3(2In2)’ - 8(4In2)+12
o 2(4In2)° -32(In2)+12

) Lama)
e 2(4In2) - 2(4In2)e* +12
. em2) o
Note that the constant term of 12 needs to be combined from 4e* —4e*  oe.
( iz .
Also allow 32In2(In2 - 1)+ 12 or 321n2[ln2 -1+ 371117} for Al.

Do not apply “ignore subsequent working” for incorrect simplification.

Eg: 32(In2)* -32(ln2)+ 12 —» 64(In2)-32(In2)+12 or 32(In4)-32(In2)+12
Bracketing error: 32In2° — 32(In2)+ 12. unless recovered is final AO.

Notation: Allow 32(In’2) — 32(In2)+ 12 for the final Al.

5.19378... without seeing 32(In2)’ — 32(In2)+ 12 is AO0.
y (oo L L)
5.19378... following from a correct 2x~ — sze: —4e? J is M1AO.
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Question 5

Finding Areas using Integration

gﬁ:::‘ Scheme Marks
3
@) A=j JO-0@+1) dv . x=1+2sin8
e
dx _ i o 2c0s6 or 2cos6 used correctly B1
..f‘.‘.q .................................................................. in their working, Canbeimplied |
{IJ(3—X)(X+1) dx or |\/(3+2x—x2) dx }
P r—— e e S A Substitutes for both x and dx. |
= 3—(1+2sm8))((1+2sinf) +1) 2cosé {d& ’
..... N((){}whefedxﬁdé’lgnmd@ -
- J‘J('z- 2sing)(2 + 25 6) 2cosé {d6}
- N(a,- 4sin’ 6) 2cos6 {d6)
=J.1’(v4—4(1—cos’€ 24:059{69} or jJ-’tcoszG 2c059{d9} Appliescos’ ¢ =1-sin" ¢ M1
U s SN U ALV LA seemotes | ..........
- s[cor0as, k=1 4[ cos’ 606 or I4cos'¢9d6 "
...... . Note: d is required here.
0=1+2sinf or —1=2sin0 o gf=—r = fuX
2 6
See notes | Bl
and 3=1+2siné or 2=2siné or sinf=1= 9=§
. _ 1+ cos28) Applies cos26 = 2cos’ -1
® {kJ‘COS B{dé}} - { }I[ 2 J {de} to their integral .
1.1 ) Integrates to give taf + fsin26, a=0.8=0 |\ g
= (kY| =6+ —sin2
..... eegmme) e g | thmrmy
{So 4J “cos*6d6= [26+ smze]‘;}
(g wfZ) (3 Z)
2, L2 6. . 6)
=(x)- ._/7 _\/5 4 \E ﬁ+£ or
B 3 2 32 3002 e
" 1/ cao cso
[3]
8
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Finding Areas using Integration

Question Notes

(a) Bl ;—‘Z =2cosé. Also allow dr=2cosfd6. This mark can be implied by later working.

Note | You can give Bl for 2¢0s & used correctly in their working.

M1 | Substitutes x =1+ 2sinf and their dx [ﬁom theirremanged%] into J(3—x)(x+l) dx.

Note | Condone bracketing errors here.
Note | dr= AdS. For example dx = dé&.

dx
Note | Condone substituting dx = cos& for the 1¥ M1 after a correct i 2cos@ or dx=2cosfdé

M1 | Applies either

e 1-sin’f=cos’8

e - Asin’@ or A(1-sin’6)=Acos @

o 4-4sin’f =4+2c0s26-2 = 2+2¢0s28 = 4cos’ 6

Al [ Correctly proves that j J(3-x)(x+1) dx isequalto 4 [ cos?6d6 o j 4cos’ 6d6

Note | All three previous marks must have been awarded before Al can be awarded.
Note [ Their final answer must include dé.
| Note

Bl Evidence of a correct equation in sing or sin™ @ for both x-values leading to both & values. Eg:

. . . 1 i
e 0=1+2sinf or —1=2sinéf or sm6=-; which then leads to 0=-%, and

. . . e
e 3=1+2sinf or 2=2sinf or sinéd =1 which then leads to ¢9=’7

Note | Allow BI for x=1+25in[—%) =0 and x=l+2sin(%] =3

-

Note | Allow B1 for smﬁ(%] or a=sm"("T‘1) followed by x =0, 9=_%; x=3, 9=§

(b) NOTE | Part (b) appears as M1A1Al on ePEN, but is now marked as MIMI1Al

M1 | Writes down a correct equation involving cos26 and cos’ 6

3 2 2 2 ' 26
Eg: cos26=2cos"6-1or cosw9=w or Acos 6 = A(W]

and applies it to their integral. Note: Allow M1 for a correctly stated formula (via an

M1 | Integrates to give an expression of the form + @6 + Fsin28 or k(xaf = Bsin26). a=0, F=0

Al A correct solution in part (b) leading to a “two term™ exact answer.

j 87 3 ( \
Eg: ﬂ + ﬁ or —+ £ or %(8ﬂ+3\/§’
Note |5.054815.. from no working is MOMOAO.
Note | Candidates can work in terms of k (note that & is not given in (a)) for the M1M1 marks in part (b).
Note | If they incorrectly obtain 4-’. ' c0s?6d6 in part (a) (or guess K =4) then the final Al is available

-L
s

for a correct solution in part (b) only.
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Finding Areas using Integration

Question 6
Question
Number Scheme Marks
u=hx = % = l
“ra‘, l {I = J.IZ h].xd\. } ) dv .
. ¥ 2 y==X
| dx
Either x’Inx — i'/l.r:"lnx-J‘ux:"]fl‘l{dx}
. M1
3 3 3 - 2 . wh L >
_ rTlnx_J‘xTill{dx} of +ix’Inx j,ux {dx} . where 2, .>0
ks X’ x* (1)
x*Inx = me-,[?:,l{dx}‘ Al
simplified or un-simplified
IS x3 x3 x3 . . . -
= —hx- 1 ?lnx =" simplified or un-simplified | Al
3
, 2 2 dependent on the previous
X L ( \ . M mark. Applies limits of
Area(R) ={| —Inx-=—| } _ (8,5 _8)_(p_1 pp :
ca(R) |: * 9j|l}'1u3ln2 g_) . 9.,' 2 and 1 and subtracts dMI
the correct way round
=§1112—Z §1n2—z or l(.’341112—7) Al oecso
3 9 3 9 9
[51
) du
u=x" => o 2x
= 2y — 1 = | 29 — Odr
Way 2 I=x"(xInx—-Xx) .[ 2x(xInx — x)dx &
—=Ihx = v=xhx-x
dx
So. 3I= xX*(xlnx —x) +J2r‘{dr}
A full method of applying u = x*. v'=Inx to give
. 1 e +Ax (xlnx —x) = ,uJ'x" {dx} o
and I= 3.\"(1'111.\' — XY+ E' 2x* {dx} : ™
gx'(xlnx -x)+ EJ 2x* {dx} Al
simplified or un-simplified
» 3 3
= %r" (xInx - x) + ;;\'3 %mx - % simplified or un-simplified | Al
Then award dMI1A1 in the same way as above | M1 Al
[3]
9
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Finding Areas using Integration

Question 7
Question
| Number Scheme Notes Marks
(a) {u ¢ or x - Inu >}
6 6
du—c"or d“—uor o or du—udxetc.,andj- dx-j. du See B1*
dx C du  u (" +2) (0 + 2)u notes
x=0} > a=¢'= a=1 a=1and b=e or b=¢ Bl
fx=1} = bh=¢"= b=¢ or evidence of 0 —»1 and 1—>e
NOTE: 1¥B1 mark CANNOT be recovered for work in part (d) [2]
NOTE: 2™ Bl mark CAN be recovered for work in part (d)
2
W(:;' 1 6 = = + B Writing 6 - = ' B, ,o0e.or ! _ ! 1 0 s
uu+2)y u (ut+?) wutv2) u (ui2) w2y w (u+r2) |\
s 6= AMus2)+ B o.e., and a complete method for finding the value of at least one of
Alu+2) + Bu their 4 or their B (or their P or their Q)
-0 >A4A-3 Both their A — 3 and their B 3.(Or their P~ | and their P
u- -2 >8- 3 ¢ — ) with the factor of 6 in front of the integral sign)
6 3 3 Integrates el ! ad , MON E+#0;
du=]|-- dze u utk
w(u + 2) u {(ui?) . . . L Ml
(i.e. a two term partial fraction) to obtain either
A { L k).
~Sh3ner2) |20 of LK) 2o fi 2O
Al AL AL g gration o terms is correctly followed throug
o =3n2—3Ma(2u+4) from their M and from their N. | A1 &
{So| 3na - 3n(u+ 2) |c } dependent on the 2™ M mark
' Applies limits of e and 1
= (3In(e) - 3In(e+2)) - (3In1-3In3) | (or their b and their a, where b>0,b7 1,a>0)inu | dM1
[Note: A proper consideration of the or applies limits of 1 and 0 in x and subtracts the
limit of # = 1 is required for this mark] correct way round.
=3-3In(e+2)+3In3 or 3(1 -In(c+2)+In3)or 3+ 3ln(i2]
e+
oo 1 ) 3e ( 276" see notes | Al cso
or 3|n[ - ]—3}:1[—] or '3—3!11[" ] or 3ln( ) or | “°C
et 2 3 3 e+2 L(c;l’.)’J
Note: Allow ¢'in place of ¢ for the final A1 mark. [6]
Note: Give final A0 for 3- 3lne+ 2 + 3In3 (i.e. bracketing error) unless recovered. 12
Note: Give final AO for 3- 3In(c+ 2) + 3In3 - 3Inl, where 3]n| has not been simplified to 0
Note: Give final A0 for 3lnc- 3In(c + 2) + 3In3, where 3In ¢ has not been simplified to 3
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Finding Areas using Integration

(@) 1 B1 | Must start from either
o y dx, with integral sign and dx
[ 6 . :
. dx, with integral sign and dx
J(e"12)
[ 6 dx dx
. du, with inte sign and ——du
J (¢" 1 2) du gral sign du
dz dz de 1
and state either — —¢* or - —u or = — or du=udx
dx dx dre u
and end at J- 6 2 dw, with integral sign and (lu, with no incorrect working.
wmu L
dz 6 6
Note | So. just writing ! " and dx ’ — du is sufficient for 1% Bl
dx (¢"12) u(u 1 2)
Note | Give 2™ B0 for b= 2.718..., without reference to a=1and b=e or b=¢e'
Note | You can also give the 1" B1 mark for using a reverse process. i.e.
Proceeding from 6 due to ¢ dx, with no incorrect working,
u(u 1 2) (¢ 12)
dz dz dx 1
and stating either fctor Y —yor = — or du=udx
dx dx dre  u
(b) Note | Give final AO for 3- 3In(c + 2) + 3In3 simplifying to 1- In(c + 2) + In3
(i.e. dividing their correct final answer by 3)
Otherwise, you can ignore incorrect working (isw) following on from a correct exact value.
Note | A decimal answer of 1.641502724... (without a correct exact answer) is final A0
Note l h(u+2)+3mu ]l followed by awrt 1.64 (without a correct exact answer) is final M1AO
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Finding Areas using Integration

Question Notes Continued

(b) Note | BE CAREFUL! Candidates will assign their own “4™ and “B” for this question.
Note | Writing down in the form + i with at least one of 4 or B correct is 1% M1
(u+ 2u u+2) u
Note | Writingdown — 5 as =3, 3 is19M11%AL

(u + 2u u+2) u

3 3 p . ) .
Note | Condone J.[— - w1 2) )du to give 3Inu ~3Inu + 2 (poor bracketing) for 2™ A1l
u utL

Note | Award MO0AOMI1AIft for a candidate who writes down

§] 6 §]
eg. du = [— + ] du = 6Inu + 6In(u+2)
w(u + 2) u (u+t2)
6

u(ue + 2)

AS EVIDENCE OF WRITING AS PARTIAL FRACTIONS.

Note | Award M0AOMOAO for a candidate who writes down
J. 6 de — 6lnz v 6In(ze 1 2) or J 6 du — Inze + 6In{a 1 2)

w(u o 2) w(u 1 2)
WITHOUT ANY EVIDENCE OF WRITING T as partial fractions.
Note | Award M1AIMIAI for a candidate who writes down
I “(u(" 5 d — 3l 3@ 2)
WITHOUT ANY EVIDENCE OF WRITING as partial fractions.

u(u +2)

<

dz we can allow a maximum of MIAOM1AIffM1AO

Note | If they lose the “6™ and find

1 u(u+?2)
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Finding Areas using Integration

Qnestion Notes Continued

v(b) 16 . 3(%u+2)du_ i
Way 2 u +2u u +2u u

6
u du }
+2u

La(2u 1 2) )
. e} 4 fae| 5+0
_[3u+2),  [6 . I 2 { el J‘u‘z{( o, @, B.6%0 | Ml
u® +2u u+2 -
Correct expression | Al
+ 4 2 .
Integrates _M,(Zl” ) { & . M, N, k+0,toobtain any
u +2u utk M1
2 .
=31n(u’ +2u) - 6In(u + 2) one of + 2In(u” +2u) or  yrin(fH(ut k).
Ay, B0
Integration of both terms is correctly followed through from Al f
their M and from their N
. dependent on the 2 M mark
{ So, [31n(u’~ +2u)— 6 In(u+ 7.)] ' } Applies limits of e and 1
1 (or their b and their a, where M1
b>0,b#1,a>0)inu
(311,(0" 1 2¢) - 6ln(c 1 2)) (3m3- 61n3) or applies limits of 1 and 0 in x and
subtracts the correct way round.
= 3In(e’ + 2e)-6In(e +2) + 3In3 3In(e* +2e)-6In(e +2) +3In3 | Al oe.
[6]
(b) | Applying u=0-1
\Vay 3 ° I+e 1+e 140
6 6 6 6-1
du = ——df = ———du =|3In| — MIAIMIAL
{Il u(u+2) } L (6-1)(6+1) L 6 -1 [ (6+1}]2
l+e—1 2-1) : (1 - i
- '3]11( i ] - .;h.[—J - 31n[ © ]- ;zlan] 3" M mark is dependent | ¢\, 2 g
Le 141, 241 ) 3 on 2" M mark
| [6]
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