Integration by Substitution

Integration by Substitution 2 - Edexcel Past Exam Questions MARK SCHEME

Question 1

Question

Number Scheme

{u =1+ cosx} = % = —-sinx

2sin2x dr = 2(2sin xcos x) dx
(1 + cosx) (1 + cosx)

Marks

B1

sin2x = 2sinxcosx | Bl

- J‘M.(-l)du {= 4‘.‘M du} M1
u u
=4I[l—ljdu=4(lnu—u)+c dM1
u
= 4In(1 + cosx) - 4(1+cosx) + ¢ = 4In(1 + cosx) — 4cosx + k AG | Al cso [5]
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o5 Integration by Substitution
w 9 Y
Question 2
Question
Number Scheme Marks
du 1 -2 dx
u=1+x} = =-x2 or —=2u-1 Bl
{ } dx 2 du @1 T
J‘ (Cla) S B
{Il xJ_dx =} =D -1y du lzu
X J‘u 2u-1) | Al
u
(u-1y° B W’ =3u’ +3u-1) Expands to give a “four term” cubic in u.
2|7, =2 u du Eg A+ B +CuzD | M
=2} || -3u+ 3_1 du An attempt to divide at least three terms in M
u their cubic by u. See notes.
3 2 1 3 2
={2} [%—3%+3u—lnu) I(u D —)(%—3%+3u—lnu] Al
u
3 3
Area(R) = [2% —3u® + 6u—21nu]
2
20)° 2(2)° . Applies limits of 3 and 2 in
= (— -3(3)° + 6(3)—21113) - (T -3(2)" + 6(2)—21n2] uor4and1inxand | M1
subtracts either way round.
- %J, 2In2-2In3 or %+ 21n(3) or 13—1 - m(%], etc Correct exact answer | |

or equivalent.

8]
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Integration by Substitution

Question 3

Question
Number

Scheme Marks

(a)

(b)

[

{x:u’:}i—j:Zu or %‘_=%x- Bl

o= 1
& 2%

1 e al
{jm dx} ,.‘u:(zu -1 e

y
= | —du
Iu(Zu -1

Sl TSN )
Qu-1)

M1

Al * cso

(3]
= 2= A(u~-1) + Bu

See notes | M1 Al

M ]

Integrates = + Qu-1’
obtam any one of +Alnwu or + uIn(2u — 1)
At least one term correctly followed through
2Inu+2In(2u-1).

M=#=0.N=0to
M1

2 -2 4
So | ———du=|—+ du
u(2u-1) u Qu-1

= =2lnu+2In(2u - 1) Alf

Al cao
So, [-2Inu + 2In(2u - D);

Applies imuts of 3and 1 mu or 9
and 1 mn x 1n their integrated function
and subtracts the correct way round.

)

= (-2In3+ 2In(2(3) - 1)) - (~2Inl1+ 2In(2Q1) - 1)) M1

=2In3 + 2In5-(0)

Al c¢socao

|
10

Notes for Question

(a)

(b)

1

Lo =2u or dv=2udu or == = lx_i or ﬂ s or du= -

du dx 2 24x 2Jx

A full substitution producing an integral in « only (including the du) (Integral sign not necessary).

The candidate needs to deal with the “x”, the (2\/.; —1) ” and the “dx” and converts from an

integral term in x to an integral in . (Remember the integral sign 1s not necessary for M1).
leading to the result printed on the question paper (including the du ). (Integral sign 1s needed).

B1:

Mi1:

Al=:

M1: Wiiting —2> =34+ 8 oromiting — ! =P, _€
uQu-1) u (2u-1) uRu-1) u Qu-1)
finding the value of at least one of their 4 or their B (or their P or their Q).
Al: Boththeirr 4 =-2 and theirr B =4_(Ortheir P=-1 and therr Q =2 with the multiplying factor of
2 m front of the integral sign).
M1: Integrates = + wd
u Qu-1)
£Alnu or £ uln(2u - 1)or xuln(u - 1)

Alft: At least one term correctly followed through from their A or from their B (or their P and their 0).
Al: 2lnu +2In(2u - 1)

and a complete method for

, M =0, N =0 (1e. a bwo term partial fraction) to obtamn any one of

Notes for Question Continued

(b) ctd | M1: Applies limits of 3and 1 in# or 9 and 1 in x in their (i.e. any) changed function and subtracts the
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@ Integration by Substitution

correct way round.
Note: If a candidate just wnites (—2In3+ 2In(2(3) — 1)) oe, this 1s ok for M1.

Al: Zln[g) correct answer only. (Note: a=5,b=3).
Important note: Award MO0OAOM1A1A0 for a candidate who wntes

2 7 2
—_—du=|—+ du = 2lnu + In(2u —-1)
u(Qu -1) u u-=1

”
AS EVIDENCE OF WRITING ﬁ AS PARTIAL FRACTIONS IS GIVEN.
uu -

Important note: Award MO0OAOMOAOAO for a candidate who writes down either
2

”
J‘; du=2lnu+2n(2u-1) or J‘; du =2Inu + In(2u -1)
u(u-1) uu-1)

5
WITHOUT ANY EVIDENCE OF WRITING ———— D) as partial fractions.
u(2u -

Important note: Award M1A1MI1A1A1l for a candidate who writes down

;du ==2lnu +2In(2u - 1)
u(Qu-1)

2
WITHOUT ANY EVIDENCE OF WRITING ﬁ as partial fractions.

Note: In part (b) if they lose the “2” and find .[U—D du we can allow a maximum of
u(2u -

MIAO0 M1A1ftA0 M1AO.
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Integration by Substitution

Question 4
Suestionln Scheme Marks
Number
4
1
—_—dx, u=2+,/(2x+l)
.[u 2+ J(Zx +1)
1 .
: Either 3 _ s kx + 17T or L osi@-2) | M
du -3 dx dx du
d—=(2.1+l)- or I:u—?. & : &
. 2 Either L =Q2x+1)7 or S=@-2) [A
dx du
; s = l (u—-2)du Correct substitution | A1
2+ J2x+1) B = (Ignore integral sign and du).
"
= j[l - ’—'; )du An attempt to divide each term by u. | dM1
+Au + Blny | 9dM1
= u-2ln
y ; u-2mu | Al f
; Applies limits of 5 and 3 in u
{so [u-2mu];} =(5-2in5) - (3-2mn3) or 4 and 0 in x in their integrated function | M1
and subtracts the correct way round.
- 2+21n(3] 2+21n(3} Al
5 5 €ao cso
(8]
8

Notes for Question

1
(u-2
Note: The expressions must contamn du and dx. They can be simplified or un-simplified.
1
(-2
Note: The expressions must confain du and dv. They can be simplified or un-simplified.

MI1: Alsoallow du =% 4

)d\' or (u=2)du==xAdx

Al: Alsoallow du = dy or (u—-2)du == Adx

Al: J.l (u — 2) du . (Ignore integral sign and du).
u

dM1: An attempt to divide each term by u.
Note that this mark 15 dependent on the previous M1 mark being awarded.
Note that this mark can be implied by later working.
tAut Blnu, A20,B=0
Note that this mark 1s dependent on the two previous M1 marks being awarded.
u—2Inu or *4u = Blnu bemng correctly followed through, 4=0. B =0

ddM1:

Alft:

M1: Applies linuts of 5 and 3 in # or 4 and 0 1n x 1n their integrated function and subtracts the correct

way round.
Al: csoand cao. 2+21n[%) or 2+ 2In(06), [:.4+2InB,soA=2,B=%)

Note: 2 — Zln(%] 15 AQ.

Notes for Question Continued

ctd

Note: Il(u -2)du= u-2Inu with no working is 2* M1, 3 M1, 3™ A1
u

but Note: Il (u-2)du= (u-2)lnu with no working is 2*¢ M0, 3™ MO0, 3 A0.
u
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Integration by Substitution

Question 5
Question
Number Scheme Marksr 7
1
{u=\/;:>}d—u=lx_2 or E=2u Bl
dx 2 du
10 . t+ku +k
2ud Either —— {du} or ——— {du} | M1
IZu2+5u e {I }au'iﬂu {du} {I }u(auziﬂu) tdu}
+AIn(2u +5) or £ Aln| u +§ , A#0
20 20 2 Ml
= du } = —InQQu +5) with no other terms.
2u+5 2 20 20 5
——— —> —In(2u +5) or 10In| u + =
ues O g M (" 2) Al eso
20 2 Substitutes limits of 2 and 1 in u
[—ln(Zu +5)] } =10In(2(2) +5) - 10In(2(1) + 5) (or 4 and 1 in x) and subtracts | M1
2 1 the correct way round.
10ln9 -10In7 or lOln(%) or 20In3-10In7 Al oe cso
(6]
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Question 6

Integration by Substitution

Question .
Number Scheme Marks
3
@) A:j JO-0@+1) dv . x=1+2sin8
......... e
dx E= 2c0s8 or 2¢os 6 used correctly
—=2cos8 dé Bl
do ................................................................. in their working, Canbeimplied | .
{jJ(3—x)(x+l) dx or |-\/(3+2x—x2) dx }
""" === _a(sm  Substitmes forbothxand dx, |
= 3-(1+2sm8))((1+2sinf) +1) 2cosf {d& ’
..... N((){}Whefed**?dﬁlgnmde -
- J'J(‘z- 2sin6)(2 < 2sin6) 2cosé {d6}
- J',f(4- 4sin’ 6) 2cos6 {d6}
=H('4— 4{1-cos?6) 2cos {48} o J‘\/4c0539 2cosg{dg) ~ Appliescos O=l-sin'6 |y,
o S R LS N TR seemotes | .
- s[cor0as, (k=1 4[ cos’ 646 or j4cos-ede "
...... . Note: df isrequiredbere.|
0=1+2sin8 or —1=2sinf or sinf=—~ = 8=—%
2 6
See notes | Bl
and 3=1+2sin6 or 2=2sin6 or sinf=1= 9=§
] B
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Integration by Substitution

Question 7
Question
Number Scheme Notes Marks
L, y>0, x =4sin’ 8
? _[1(3v+?) & J- \} 4—x
(1) 3y-4 4 _ See notes | M1
Wayl | 33y +2) - T (33 +2) = 3y-4=ACy+2)+ By At least one of their Al
¥y=0 = —4=24 = 4=-2 A=-2or their B=9
2 Y S | _ Both their
y=-3 = -6=—38 = B=9 A=—2and their B=9 |4l
Integrates to give at least one of either
A N ]
5 T—) tAlny OI Gy +2) —=>Zuln(3y+2) | M1
j - J—+ v a2 A=0.B=0
Y3y + ) Gy + ) At least one term correctly followed through Al
from their 4 or from their B
= =2lny+3In(3y +2) {+ C} -2lny+3ln(3y +2) or —2Iny +3In(y +%)
with correct bracketing, Al cao
simplified or un-simplified. Can apply isw.
[6]
(1) (.a) {x=4sin36:} X _ gsinfeosd o £=4sm’>¢9 or dx=8sinfcos&dd Bl
Way 1 dé dé
JLT‘? 8sinfcos6 {d6} or ,’ jing 4sin26 {d6) Mi
4—-4sin" 6 sin® 6
jtané’ 8sinfcosé d6 Jm m°¢9 6} (L] —>+Atan60r+k( sm&] M1
= 4-x cosf/) | =—
=I8§n’6d6 J-Ssinzﬁda including d@ | Al
" . R ] ‘/; p Writes down a correct equanon
3=4smn"f or—=sm-for smf=— = 6=— ) ]
4 2 3 involving x = 3 leading to § = 3 T and | B1
{x =0->6= 0} no incorrect work seen regarding limits
: [5]
. 1-cos26 ( - Applies cos26=1-2sin’ &
=8} || ————|d6 <= |(4—4cos26)dE = N
i o) | ={ }j( > ] { J‘(. cos 26 } to their infegral. (See notes) e
. For a8+ Bsin26, a.f+#0 | Ml
1 1. :
= —8——sm?2 = 46-2sin2
{8}[20 4sm_0.] {= 46-2sin26} Saa [ 16_%%76} e
oz x) 7 p W\
= I { |1
[ *8sin’6d6= 8 le-lsmve 8,1-11£ ~(0+0)
1 ._ . 4
= 3,7_\[5 ‘two term” exact answer of e.g. 3 3 or (4;7 3J—) Aloe
[4]
15
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Integration by Substitution

Question Notes

@ | rtwm

Note

Writing Sy-4 _4 + B anda complete method for finding the value of at least one
yGy+2) y Gy+2)
of their 4 or their B.
MIA1 can be implied for writing down either 2 =4 _ =2  thewr B
yGy+2) ¥y Gy+2)
3y—4 _therd 9 with no working.
yGy +2) y Gy+2)

Note

Correct bracketing is not necessary for the penultimate A1ft. but is required for the final Al in (1)

Note

Give 22 M0 for 2¥ =2 going directly to +arln(3)” +2)
y3y+2) i

Note

...but allow 2* M1 for either M_)ia]n(3y1 +2y)or M

— - — taln(3y’+2y)
3y +2y 3y°+2y

(i1)(a) 1#t M1
Note

Note

dx = Ad@. For example dx = dé

Allow substituting dx = 4sin 26 for the 1* M1 after a correct % =4sin26 or dx =4sin26dé

2%\

Note

Applying X = 4sin’ 6 to L%) to give =K tan6 or :’:K( sinf |
4-x

Integral sign is not needed for this mark.

cos 6_,’

1" A1

Simplifies to give J 8sin’6 dé including dé

2% B1

) . . , . T .
Writes down a correct equation involving x = 3 leading to 6 = 3 and no incorrect work seen

regarding limits

Note

Allow 24 Bl for x = 4sin:( %} =3 and x=4sin’0=0

Note

™ )
Allow 2™ B1 for §=sin™ \ng followed by x =3, 9=§T: x=0.6=0

——
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Integration by Substitution

(i)(®) M1

Writes down a correct equation involving cos2f and sin’ @

1-cos26 ﬂ]

or Ksin’ 6 =K( -

E.g.: cos28=1-2sin’8 or sin’ =

and applies it to their integral. Note: Allow M1 for a correctly stated formula
(via an incorrect rearrangement) being applied to their integral.

Ml

Integrates to give an expression of the form a6 + Fsin28 of k(zaf £ Bsin26).
a=0, =0
(can be simplified or un-simplified).

1Al

Integrating sin’ & to give %6 - %sinw, un-simplified or simplified. Correct solution only.

Can be implied by ksin’ 6 giving %6 - %sinw or %(26 — sin26) un-simplified or simplified.

24 A1

A correct solufion in part (ii) leading to a “two term™ exact answer of

4 243 . .
eg. %ﬂ—ﬁ or %/T—\/; or ;'T_T or %(4/7—%/3)

Note

A decimal answer of 2.456739397._. (without a correct exact answer) is AQ.

Note

Candidates can work in terms of A (note that 4 is not given in (i1))
and gain the 1* three marks (i.e. MIM1Al) in part (b).

Note

If they incorrectly obtain [ “gsin’ 6 d6 in part (i)(a) (or correctly guess that 7 = 8)
then the final Al is availaiaie for a correct solution in part (i1)(b).
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Integration by Substitution

Scheme Notes Marks
6 3y—4 Fo. 6y+2 - 3y+6 dv
Way 2 yGBy+2) 3P +2y w3y +2)
3y+6 _ 4, = 3y+6=AB3y+2)+ By See notes | M1
yBy+2 'y Gy+2) At least one of
P TII - vy g
y=0 = 6=24 = A=3 their 4 =3 or their B=-6
Both their 4 =3 and their B=-6 | Al
y=—-+ = 4=-1B = B=-6
Integrates to give at least one of either
o4 —‘:(61 22, tatn(3y* +2y)
y3By+2) 4 sl M1
o1 T —ZAlny OI Gy+2) —*uln(3y + 2)
6y+2
=J‘ ,21-1—7 @ _J‘_d}"‘"j _dy M=0.4=0.B=0
3y +2y Y Gy+2) At least one term correctly followed through | Al ft
2 In(3y* +2y) -3y + 2In(3y + 2)
= In(3y"+2y)-3lny+ 23y + 2) 1+ ¢ i, ’ .
G) ») : G ){ } with correct bracketing, Al cao
simplified or un-simplified
[6]
® ) A W T o SV W B
Way 3 y3y+2) 3P +2y y3yv+2)
ﬁ =4 e = = 5=4Gy+D+ By See notes | M1
iR I St At least one of their 4 = =
re=f = 3=-38 = Ba=§ Both their 4 = = and their B=-2 | Al
Integrates to give at least one of either
3y—4 dy W—)iah(3y:+2y)
— J )’ -‘f
Y3y +2) ’ s Mi
' . o1 T — T Alny OI Gy=2) —*uln(3y + 2)
3y+1 E 3 ] :
=J‘ a d.\'-J‘*d.HJ‘ =4y M#0,4%0, B0
3y"+2y Y Gy+2) At least one term correctly followed through | Al ft
1 2 5 5
5 S — S +2y)—=hhy+= )+ 2
=%1n(3y‘ +2y) -2y +§1n(3y+ 2){+¢) o AR SR S D) £ can
= = = with correct bracketing,
simplified or un-simplified
[6]
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Integration by Substitution

Scheme Notes
@ 3~"—_4d3v -2 _ dy - 4+ dy
Way4 | ] yBy+2) v(3v +2) Y3y +2)
4
—dy
(31 +2) y3y+2)
,,; = — = 4=A4A03y+2)+ By See notes | M1
YGy+2) ("-" a3 Atleast one of |
ir 4=2 or their B=—
Jub = 424 = A=2 their 4 =2 or their B=-6
Both their A=2 and their B=-6 | Al
y=-% > 4=-1B > B=-6
Integrates to give at least one of either
Jy — ¢ C A
3} 4y Gy o3y~ EelGy £ 90 S 2ty or
y3y+2) ke . Ml
. i ] Gy<2) —* uln(3y + 2),
- d1— :d\'+ d\- .4¢O.B$0.C¢O
3y+2 y (Byv+2) -
At least one term correctly followed through | Al ft
In(3y+2)-2lny+2In(3y + 2)
- 1L =T | Iv+?2
= In(3y+2)-2Iny+2In(3y +2) {+C} with correct bracketing, | Al cao
simplified or un-simplified
[6]
Alternative methods for BIMIMI1AI in (i1)(a)
(1})(?) x=4sin20 =} & _ 8sinfcosé AsinWay 1 | Bl
Way 2 dé )
4sin’ 8
————— . 8sinfcosd {d6} As before | M1
4—4sin’ 6
- [ |-329_ gcososing {46}
J Y(1-sin"6)
- Lﬁ\_s (1-sin’ 6) sin6 {d6)
v (1—3111-5)
[ R {d&} Correct method leading to
= | smné. 8smn — : /
] \}(l—sm' 6) being cancelled out ol
= | 8sin’6 d6 J.SSinledB including dé | Al cso
\(‘";(‘a); {x =4sin’6 = % — 4sin26 AsinWay 1 | B
x=4sin’§=2-2¢0526. 4-x=2+2cos26
2
°5“9_4sm20{d9} Mi
cos26
*J2-2c0s26 +2- ”'cos”@ 2—2co0s26 .
- sin26 {46} = | ———4sin26 {d6}
J ¥2+2cos28 V2- ”cos’@ \]4—4cos‘26
[ 2—2cos26 , Correct method leading to
= | ———— 4sm26{dé 2(2—-2co0s26).1d6 i /
J 2smn26 s { } _[ Rl L { } sin28 being cancelled out Bl
= | 8sin’ 6 d6 J.Ssm39d0 including dé | Al cso
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Integration by Substitution

Question 8
%ﬁﬁ? Scheme Notes Marks
{u ¢ or x = hu >}
ds ds de 1 6 6
l—c‘or ‘—uor = — or du=udx etc., and dx = du See Bl *
dx C du  u (¢ +2) (2 + 2)u notes
x=0} > a=¢"> a=1 a=1and b=e or b=¢ Bl
fx=1} = bh=¢' = b=¢ or evidence of 0 —»1 and 1>e
NOTE: 17 Bl mark CANNOT be recovered for work in part (d) [2]
NOTE: 2™ Bl mark CAN be recovered for work in part (d)
1°*B1 | Must start from either
. y dx, with integral sign and dx
6 . )
. dx, with integral sign and dx
J(e"12)
[ 6 dx dx
. duz, with integral sign and —— du
J(e 1 2)ydu BENE du
ds dz dx 1
and state either J= ¢'or . u or =~ or du=—udx
dx dx de  u
and end at j " 6 5 e, with integral sign and (ly. with no incorrect working.
wu
ds 6 6
Note | So, just writing ! " and dx ’ — du is sufficient for 1% B1
dx (¢ 12) u(u 1 2)
Note | Give 2 B0 for b= 2.718..., without reference to a=1 and b=e or b=e'
Note | You can also give the 1 B1 mark for using a reverse process. i.e.
Proceeding from 6 du to 2 dx, with no incorrect working,
u(u 1 2) (¢" 1 2)
ds ds 1
and stating either fctor Y —yor dr _ or du—udx
dx i 7 dee  u
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