Integration - Edexcel Past Exam Questions 2 MARK SCHEME

Question 1
Question Scheme Marks
3% 3 5 R
[f(.\’) =]T—T 5.X[+C] or % —E.X +51‘(+C) MI1Al
10=8-6+10+c¢ M1
c=-2 Al
3 ¢ 9
f)=1-2+5 "-2"= 3 (oe) Alft 5)
5 marks
Notes
1¥MI1 for attempt to integrate x" — x™
1¥ Al  all correct, possibly unsimplified. Ignore +c here.
2™M1 for using x = 2 and f(2) = 10 to form a linear equation in ¢. Allow sign errors.
They should be substituting into a changed expression
™Al forc=-2
3@ Alft for %+c Follow through their numerical ¢ ( #0)
This mark is dependent on 1* M1 and 1% Al only.
Question 2
N g Scheme Marks
~1
{J‘(sx’+i,+s)dx} =ﬁ+£+5x(+c) M1 Al
X 3 -1
=27 -2x":+5x+¢ Al; Al
Notes

M1: for some attempt to integrate a term in x: x" — x"*!
. . 2 :
So seeing either 6x° — +Ax’ or — — + ux™ or 5 — 5x isM1.
2

1

)tﬂ'ﬂl

1 Al: for a correct un-simplified x* or x™ (or

2*' Al: forboth x’ and x™ terms correct and simplified on the same line. Te. 2x’ —2x™' or Zf-%.

3" Al1: for +5x+c. Alsoallow +5x' + ¢. This needs to be written on the same line.
Ignore the incorrect use of the integral sign in candidates’ responses.

Note: If a candidate scores M1A1A1A1 and their answer 1s NOT ON THE SAME LINE then withhold the
final accuracy mark.
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Question 3
Nl i Scheme Marks
PO =) s o C e £ =0 == 43, %50
27
@ F(#)=2(8) - +3:=2 M1; Al
2 gt '
T y—1=2(x—-4) dM1
T: y=2x-9 Al
]
141 3
6X 2 .
® | fx)=" - =—+3x(+¢) or equivalent. | M1 Al
2(2) (T)
{f@=-1=} ——12(2)+3(4)+c=—l dM1
{4-24+12+c=-1 = ¢c=7}
l
So, {f(x) = 8% ax+7 Al cso
X ]
NB: f(x)= _-12./}+3x+7
8
Notes
(a) 1*M1: for clear attempt at £'(4).
1* Al: for obtaining 2 from f'(4).
2% dMl: for y——1= (their £'(4))(x—4) or }— 1 = (their £'(4))
or full method of y = mx + ¢, with x=4, y——l and their £'(4) to find a value for c.
Note: this method mark is dependent on the first method mark being awarded.
2" AlL: for y=2x-9 or y=—9+2x
Note: This work needs to be contained i part (a) only.
(®) 1" M1: for a clear attempt to integrate f'(x) with at least one correct application of
; 1 6
¥=x" on fl(x)=—x-—=+3.
W=3x-F
=3
Sosedngeithet%x—)ilx“ or —%—»iyx 3" or3 3™ isML
x
1" Al: for comrect un-simplified coefficients and powers (or equivalent) with or without +c .
2* dM1: foruse of x=4 and y =—1 in an integrated equation to form a linear equation in ¢ equal to -1.
ie: applying f(4) =—1. This mark is dependent on the first method mark being awarded.
2
Al: For {f(x)= }2—(2)—%+3x+7 stated on one line where coefficients can be un-simplified or
simplified, but must contain one term powers. Note this mark is for correct solution only.
Note: For a candidate attempting to find f{x) in part (a)
If it is clear that they understand that they are finding f(x)in part (a); ie. by writing f(x) =... or y =... then

you can give credit for this working in part (b).
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Question 4

%uestxl b Scheme Marks
d)’ nan -2 " 5 LJ
(E\_‘=) - +"2"x —(E)x" M1
1 el 5} 2 Raises power correctly on any one term. | M1
) = iy 4 SN e Y g ,
(y=) 4x + = (2) =) (+¢) Any two follow through terms correct. Alft
iy L. 28 5 Thus 15 not follow through — must be correct
=) 2 TeD 3D (+c) Al
Giventhat y=7, atx=1then 7=-4-2+3+¢c = c= M1
So. (¥ =) R el +c, ¢c=8 or (y=) L a3, Al
4 4 2 B 4
(6]
6 marks
Notes
Question 5
Quesnon Scheme Marks
Number
M1: Some attempt to integrate:
1" - x"*! on at least one term.
(not for + ¢)
1
(If they think 73_- 15 3x2you can
x
1 .
5 2 3 still award the method mark for
o 0 o v MIAL Al
5 - 3 x2 — x?
5 2
Al: L and i or better
5 2
1
x2
Al: - or better
2
Each term correct and simplified
and the + ¢ all appearing together
- R éx% i oxi the same line. Allow /x for Al
X2, Ignore any spurious integral
or signs and or dy dx’s.
Do not apply 1sw. If they obtain the correct answer and then ¢.g. divide by 2
they lose the last mark.
| [4]
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Question 6

Question

Namaber Scheme Marks

An attempt to expand the numerator
(a) (3-x*) =9-6x" +x* obtaining an expression of the form M1
9t px’ tgx'. p.g#0

&gz 9+x*
ox™ +x* Must come from - Al

x

-

-6 Must come from Al

2

X

? 2.2

B-x7)

Altemative 1: Writes ————as (3x7' —x)? and attempts to expand = M1
x

then A1A1 as in the scheme.

Altemnative 2: Sets (3—x?)? =9+ Ax? + Bx*, expands (3— x*)?and compares
coefficients = M1 then A1A1 as in the scheme.

I A3)

(f'(x)=9x"=6+x")

Ml: 2" > 1" on separate terms at least
once. Do not award for 4 —»0
(Integrating 1s M0O)

Alft: —18x” +2"B"xwith a numerical B
and no extra terms. (A may have been
INCOITect Or even zero)

M1 Alft

(b) —-18x~ +2x

(2)

M1: x" — x™ on separate terms at least
; once. (Differentiating 1s M0)

P\ O 3
© il S 3 (+€) Alft: —9x7' + Ax +B'Tr(+c) with MR

numerical 4 and B, A.B#0

-9 (-3 Uses x = -3 and y =10 in what they think
10 = e 6(-3) + +¢ S0C | s f{x) (They may have differentiated
here) but it must be a changed function
i.e. not the original f'(x), to form a linear
equation in ¢ and attempts to find ¢. No
+ ¢ gets MO and A0 unless their method
implies that they are correctly finding a
constant.

M1

c=-2 ¢s0 Al
Follow through their ¢ in an otherwise
3 (possibly un-sumplified) correct
5 X ;
(f(x) =)-9x l-61‘+T+ their | expression. Alft
-1

C

Allow — 2 for —9x'oreven
x

Note that if they integrate in (b), no marks there but if they then go on to
use their integration in (¢), the marks for integration are available.

(5)

[10]
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Question 7

Question
Number

Scheme Notes

Marks

2 4,
jsx -?dt—.%

M1: x" = x"* for either term.
. 4 2
If they wnite -;-2- as 4x~ allow

r* 52 here.

¥’ 4 T X =4
BT Al: 3-? or —4—1- (one correct term

which may be un-sumplified)

¥ x!
Al: 37 and —4—l (both terms

correct which may be un-simplified)

MI1 Al Al

Note that M1A0AL is not possible

3

- o
=xX+—+corx +4x 7 +¢

X

Fully correct simplified answer with + ¢ all
appearing on the same line.

Al

4]
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Question 8

Question
Number

Scheme

Notes

Marks

(@)

M1: Correct attempt to split into 2

separate terms or fractions. May be

implied by one correct term. Divides
1 1

by x2 or multiplies by x 2.

1 1
Al: x? +9x 2or equivalent

MIAl

M1: Independent method mark for
> x*" on separate terms

Al: Allow un-simplified answers. No
requirement for + ¢ here

MIAl

Substitutes x =9 and y =0 into their
mtegrated expression leading to a value for
c. If no ¢ at this stage MOAO follows unless
their method implies that they are correctly
finding a constant of integration

M1

o -

There 1s no requirement to simplify their
f{x) so accept any correct un-simplified
form.

Al

(6)

()

- x+9

fi(x)=
(x) 7

=10= x+9=10Jx

x+9
Setsf'(x) = ‘7*’- =10 and multiplies
x

by \/.;.metennsinxmustbeinthe

numerator. E.g_ allow xl+09 = J;

M1

They must be setting either the original f '(x) = 10 or an equivalent correct
expression = 10

Wx-9)x-n=0=>x=..

Correct attempt to solve a relevant
3TQ m Vx leading to solution for vx.
Dependent on the previous MI.

dM1

x=8l.x=1

Note that the x = 1 solution could be
just written down and 1s Bl1but must
come from a correct equation.

Al. Bl

)

{101 |

Alternative
to part (b)

x+9

B

3 =10 = x? +18x +81=100x

x+9
Jx
by x. They must be setting either the
ongimal f'(x) = 10 or an equivalent
correct expression = 10

Sets =10 . squares and multiphes

M1

(x-8)(x-1)=0=>x=..

Correct attempt to solve a relevant
3TQ leading to solution for x.
Dependent on the previous M1.

x=81.x=1

Note that the x = 1 solution could be
just wnitten down and 1s Bl1but must
come from a gorrect equation.

Al Bl
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Question 9

Question Scheme Marks
Number
3 8.1'4
[@X +4)dx = 5t M1, Al
= 2x* +4x+c Al
(3 marks)

Naotes
Ml X —>x™ sox® >x* or 4>4x or 4x'

8
Al This 1s for either term with coefficient unsimplified (power must be sumplified)— so 1 x* or 4x

(accept 4x")

Al Fully correct simplified solution withc  ie. 2x +4x +c¢ [allow 2x* +4x+cx?]

If the answer 1s given as [ 2x" + 4x +c. with an integral sign — having never been seen as the fully correct
simplified answer without an integral sign — then give MIA1AO but allow anything before the = sign
eg y=2x'+4x +c, fx)=2x"+4x +c, f= 2x* +4x+c.etc...

If this answer 1s followed by (for example) x* + 2x + & then treat this as isw (1gnore subsequent work)
If they follow 1t by finding a value for ¢, also isw, provided correct answer with ¢ has been seen and credited
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Question 10

Question Scheme Marks
Number
% = 7
(a) f(x)=J[§x'2—10x 2 +1]dx
e
» : L I x?
X" — X" =>f(x)=§x?—10T+x(+c) MI1. Al Al
2
Substitute x=4.y=25 =225=8-40+4+c=>c= Ml
¢ 1
(f(x))z‘?—20x3+x+53 Al
)
¥.a =
(b) Subx=4into f'(x) =§x‘ —10x * +1 —| M1
3 A
= f'(4) =§x43 —10x4 2 41
=f'4)=2 Al
Gradient of tangent = 2 = Gradient of normal 1s —1/2 dM1
Substitute x =4, y =25 into line equation with their changed gradient
eg y-25 =—%(x—4) | dM1
+k(Qy+x—-54)=0 o.e. (but must have integer coefficients) Aleso
&)
(10 Marks)

Naotes
(a) M1 Attempt to integrate x" — x"

Al Termin x° or term in x* correct, coefficient need not be simplified. no need for +x nor +c
Al  ALL three terms correct. coefficients need not be simplified. no need for +c
M1  Forusingx =4, y =25 in their f{x) to form a linear equation 1n ¢ and attempt to find ¢
3 1
Al = % —20x? +x+353 cao (all coefficients and powers must be simplified to give this answer- do

not need a left hand side and if there 1s one 1t may be f(x) or y). Need full expression with 33
These marks need to be scored in part (a)
(b) M1  Attempt to substitute x =4 mto f'(x) must be i part (b)
Al f'(x)=2atx=4
dM1 (Dependent on first method mark in part (b)) Using 7, Xm, =—1 to find the gradient of the
normal from their tangent gradient (Give mark 1f
gradient of 1 becomes -1 as they will lose accuracy)
dM1 (Dependent on first method mark in part (b)) Attempt to find the equation of the normal (not
tangent). Eg use x=4. y=25 in y= "—1/2"x+c to find a value of ¢ or use
)—2
e =2 o with their adapted gradient.
2 x—4
Al  cso +k(2y+x—54)=0(where k1s any integer)

1
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Question 11

Question
Mo Scheme Marks
(a) y=2x 42
2
>y [ M1
dy -3
—=10x"-3x ? oe AlAl
dy
(3)
(b) J. 20 + 76-d1
X
—>1™ | Ml
5 3
='?+12r2+c Al Al
(3)
(6 marks)
5 |1
(a) Ml Forx"—>x™.ie. x*orx 2 or — | seen
x2
§ ==
Al For 2x5x* or 6x — 2 (oe). (Ignore +c for this mark)
Al For simplified expression 10x* - 3x 2 or 10x* ~— o0.e. and no +¢
Apply ISW here and award marks when first seen.
1
b) M1  For x" > x™ . ie. x*orx? or (\/;) seen
Do not award for integrating their answer to part (a)
1
i x?
Al For either 2—6— or 6x T simplified or unsimplified equivalents
3
Al  For fully correct and simplified answer with +c.
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Question 12

Question
Rambor Scheme Marks
AR
o AR ox -+ I\/.;
dx
3
wJx=x2 | Bl
.T" i xn—l Ml
3
6 + x2
y==xt+=(+c) Al. Al
1 5
2 2
"
Use x=4. y=37 to give equationin c . 37=12~/3+§(\/3)’+c M1
1 :
=>c= : = equivalenteg. 0.2 Al
1,
(M =12x2 +=x +— Al
5 5
(7 marks)
5
B1 XX =x?1. This may be implied by +—5-oe in the subsequent work.
2
1 3
Ml 1" — x™ in at least one case so see either x2or x2 or both
5
! 2
Al  One term integrated correctly. It does not have to be simplified Eg. --16—1:3 or + xS i
2 3

No need for +¢

Al  Other term integrated correctly. See above. No need to simplify nor for +¢. Need to see

[

+ or a simplified correct version

to | = o
o I “"I >.|<4|u

M1  Substitute x =4,y =37 to produce an equation in ¢.

Al Correctly calculates c=% or equivalent e.g. 0.2
155 9 £ 3
Al  cso 2 4
3 5

T .3 2 1
e.g. ¥=+(60x>+2x*+1) . }'=12~/;+;\[t’_5+§

www.niatkermaths.com
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Question 13

Question
Number

Scheme

Marks

|

3 D
y= 4x° o
X

()

12x% + 10
=

Mi- xn 5 xn—l

< 1
e.g. Sight of X" orx™ or =

Al: 3x4x" or —5x=2x7(0€)
(Ignore + ¢ for this mark)

Al: 12x° +¥ or 12x* +10x all on one line and no
% s ===

+C

MIAlAl

Apply ISW here and award marks when first seen.

€]

(b)

X +—+C

WEL: o ™
.. s 1
: e

e.g. Sight of x” or x™ or )

Do naot award for integrating their answer to part

or

(a)
4 -1
Al 4% or 5%
4 2T

X esxl v

Al: For fully correct and simplified answer with + ¢
all on one line. Allow x* +5xl.+c

X
4 4
Allow 1x forx

MIAIALI

Apply ISW here and awa

rd marks when first seen. Ignore spurious integral
signs for all marks.

3

(6 marks)
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Question 14

Question
Number

Scheme

Marks

(a)

Mi: X" —» x™

Al: Two terms 1n x correct,
simplification 1s not required in
coefficients or powers

Al: All terms 1n x correct.
Simplification not required in
coefficients or powers and

+ ¢ 1s not required

MI1AI1Al

Ml1: Subx =4, y=9 mto f (x) to
Sub x=4.y=9%mto f(x)=c=.. obtain a value for ¢. If no + ¢ then
MO. Use of x=9. y =4 1s MO.

M1

Accept equivalents but must be

3 1 5 35 3

5 5 g ‘=2—..‘2.‘2
(£() =) 23 —2.\'- o simplified eg f(x) =X’ 4 Ss./x-+' x+
' 2 Must be all “on one line” and simplified.
Allow 1«/: forx*

Al

(&)

(b)

M1: Gradient of

: : 4 ;
Gradient of normal 1s g 2y+x=0is t%(m):’:%=—1l-
“~ 2 X :7

Gradient of tangent = +2 - =
Al: Gradient of tangent = +2 (May be

implied)

MI1Al

The Al may be implied by = S—=-

2 4

[

{

3 J; 9 - 3 J; 9 Sets the given f'(x) or their f (x)
- LA = =0 | = their changed 72 and not their m
where m has come from 2y +x=0

M1

><4~/; or equivalent correct algebraic
processing (allow sign/arithmetic errors
only) and attempt to solve to obtain a
value for x. If f'(x) =2 they need to be

x4\fx = 6x-9=0=>x=_
solving a three term quadratic 1n «/;

correctly and square to obtain a value for
x. Must be using the given f'(x)for this

mark.

M1

x=%(1.5) Accept equivalentse.g. x=%

If anv ‘extra’ values are not rejected, score A0.

Al

(&)

=2 -
Beware ———L‘o— - & = — +£-——l- - —letc. leads to the correct
NS, 2l 978 2

2 4t

answer and could score M1A 1M IMO(incorrect processing) A0

I

(10 marks)
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Question 15
%‘ﬁéﬁ? Scheme Notes Marks
. 4
2x" ——+3)dx
Jx
M1: x* - x"*'. One power increased by 1 but not for just +c.
This could be for 3 > 3x or for x* — x"*' on what they think
1
T is as a power of x.
7
Y A Al: One of these 3 terms correct.
gx' —Tx +3x WM g MI1AIAL
2 Allow un-simplifiedeg —— ., ——— _3x'
= A T e e
Al: Two of these 3 terms correct.
All implified 2" 3w
Allow un-s iedeg ——., — .3x
= T T
Complete fully correct simplified expression appearing all
B
2177 L on one line with constant. Allow 0.4 for — .
=—x"-8x"+3x+c¢ 5 Al
> Do not allow 3x* for 3x
Allow /x or x°’ for x*
Ignore any spurious integral signs and ignore subsequent working following a fully
correct answer.
[4]
4 marks
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Question 16

Question
Number

Scheme

Notes

Marks

1

y=3x"+6x° +

2 -7

3Wx

Attempts to split the fraction info 2 terms
and obfains either o x¥ or gx~*. This may

be implied by a correct power of x in their
differentiation of one of these terms. But

beware of ,15'.7(—'+ coming from
2x° -7

3x

-
=2xX =7 +3x"

M1

Differentiates by reducing power by one for
any of their powers of x

M1

Al: 6x Do not accept 6x'. Depends on
second M mark only. Award when first seen
and 1Sw.

Al: 2x7. Mustbe simplified so do not
2 3 92
accepte.g. —x~ butallow —. ds
epteg ; = Depen

X
on second M mark only. Award when first
seen and 1SW.

Al: %x%. Must be simplified but allow e.g.

4 :
l-;x“ oreg. %J? . Award when first seen

and 1SW.

Al: %x'*_ Must be simplified but allow e.g.

l%x'l* oreg. . Award when first

7
6V

seen and 1SW.

AIAIAIAL

In an otherwise fully correct solution, penalise the presence of + ¢ by deducting the final

Al

[6]

Use of Quotient Rule: First M1 and final A1A1 (Other marks as above)

S5
d(-x 7

TJ _Wx(6x)-(2-7)3x

(k)

Uses correct quotient rule

M1

wa 10x7 +7x 7

Al: Correct first term of numerator and
correct denominator

6x

Al: All correct as simplified as shown

AlAl

So %: 6x +2x3 +w_x'—é'£scoresﬁﬂlmarks

X

I

6 marks
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Question 17

Question
Number

Scheme

Marks

i :
j(l.\" —zx 5 }h‘

/

Ignore any spurious integral signs throughout

Raises any of their powers by 1.

5 -3 =2
Eg ¥ oxor x> 5x or ko ke

_theirn+l

et
or X\ =X . Allow the powers

ST 5 541
to be un-simplifiedeg. X =X

o xror bbb

or

2x

Anv one of the first two terms
correct simplified or un-simplified.

Al

Any two correct simplified terms.

Accept + L for + lx'z but not x’
8x* 8

for x. Accept 0.125 for %but %

would clearly need to be identified
as 0.3 recurning.

Al

L] =
)
+
o] —

xR =8xpe

All correct and simplified and
including + ¢ all on one line.

1 1 .
Accept +—for+—x"" butnot x!

8x 8
for x. Apply 1sw here.

(4 marks)
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Question 18

Question
Number

Scheme

Marks

()

f ey Xt

7

Attempts to substitutes X =41nto
6-5x°

&

algebraically manipulated f'(x)

f'(x)=30+ or their

f(4)=—-7

Gradient = =7

Al

y—8)="-7"%(x—-4)
or
y="-7T"x+c=>-8="-7"%4+c
=Cc=...

Attempts an equation of a tangent
using their numeric f'(4) which has
come from substituting x = 4 into
the given f'(x) or their algebraically
manipulated f'(x)and (4,—8)with
the 4 and -8 correctly placed. If

using v = mx + ¢. must reach as far
asc=...

y=—7x+20

Cao. Allow y =20—7x and allow
the "y =" to become “detached” but
1t must be present at some stage.
Eg y=..

==7x+20

Al

@)

(b)

Allow the marks in (b) to score in (a) i.e. mark (a) and (b) together

ol

1

x: X
N =30r L6255
=f(x) .0.7«-%—60'5 -2.5(+c_)

MI1: 30 - 30xor 0, — ax% or

Jx

- .: 5
2 5 Bx* (these cases only)

Jx

Al: Any 2 correct terms which can
be simplified or un-simplified. This
includes the powers — so allow
—1+1for L and allow 2 +1for
(With or without + ¢)

o

MI1AIA1

Al: All 3 terms correct which can
be simplified or un-simplified.
(With or without + ¢)

Ignore any spurious integral signs

x=4f(x)=-8=
—8=120+24-64+c=>c=..

Substitutes x =4 f(x)=—8into
their f(x) (not £'(x)) 1.e. a changed
f'(x) containing +c¢ and rearranges

to obtain a value or numerical
expression for c.

= (f(x)=)30x+ 12x% —2x7 —88

ez X or X*+fx for x?).

Isw here so as soon as you see the
correct answer, award this mark.
Note that the “f(x) =" 1s not needed.

1
Cao and cso (Allow \/T for x* and

Al

)

(9 marks)

www.nalkermaths.com




